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Abstract 

In this paper we study the log structures on generalized semistable varieties, generalize the result 
by F. Kato and M. Olsson, and prove the canonicity of log structure when it can be expected. 

In out text we first give the definitions of local chart and weakly normal crossing morphism. 
Then we study the invariants of complete noetherian local ring coming from weakly normal crossing 
morphisms. These invariants enable us to further define the refined local charts and prove that all log 
structures induced by refined local charts are locally isomorphic. Let / : X — ► S be a surjective, 
proper and weakly normal crossing morphism of locally noetherian schemes which satisfies the 
conditions (f) and (|) in 3.3 and certain local conditions stated at the beginning of 5. Then the 
obstructions for the existence of semistable log structures on X is an invertible sheaf ££ (/) on a 
finite A-scheme E = E(f). The main result of local case with respect to base schemes is: 

Theorem. 

(1) There exists a semistable log structure on X if and only if Jzf (/) = Oe- 

(2) The semistable log structure on X is unique up to (not necessarily canonical) isomorphisms 
if it exists. 

The main result of global case with respect to base schemes is: 

Theorem. Let X and S be locally noetherian schemes, / : X — > S a surjective proper weakly normal 
crossing morphism without powers. If / satisfies the condition (f ) in 3.3 and every fiber of / is 
geometrically connected, then 

(1) There exists a semistable log structure for / if and only if for every point y G S, Jzfg is trivial 
on Ey. 

(2) Let (^i,^fi,ai,Ti,(j)i) and (^#2 5 Jfn &2, t~2, 4>2) be two semistable log structures for /. 
Then there exist isomorphisms of log structures <p : ^ j&i and ip : Jf\ ^ Jfa such that 
ip o (fri = <p 2 o f*ifi, 02 o ip = a\ and T2 o ip = t%. Moreover such pair (tp, i/j) is unique. 

We further prove that the existence of semistable log structures remains under fibred products, base 
extension, inverse limits, flat descent. Finally we study the semistable curves. The main result is: 

Theorem. Any semistable curve over a locally noetherian scheme is a weakly normal crossing 
morphism without powers and has a canonical semistable log structure. 
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Introduction 



A major advantage of logarithmic geometry is that it enables us to treat some kind of singularity as 
smooth case. To achieve this, we must equip a singular morphism with suitable log structure so that 
it becomes smooth in the sense of logarithmic geometry 

In this paper, we study the existence and uniqueness of semistable log structures on the morphisms 
of schemes which locally have the form 



If p and all are equal to 1, then the singularity is the so called normal crossing in the classical 
sense. 

The study of normal crossing singularities began with Deligne and Mumford [2], where they 
showed that any curve with normal crossing singularities deforms to a smooth curve. For higher 
dimensional spaces, Friedman [4] discovered that an obstruction for the existence of smoothenings 
with regular total space is an invertible sheaf on the singular locus. In [9, §11-12] and [8], F. Kato 
introduced log structures for normal crossing varieties over fields. And in [16], M. Olsson generalizes 
them to morphisms f:X—>S, where X is locally isomorphic to 



with t G r(S,Os) a fixed section. Also in [10], F. Kato considered the existence of log structures on 
pointed stable curves. 

In this paper we generalize the results in [8] and [16], mainly add nontrivial powers and remove 
the fixed section t in [16]. Roughly speaking, we construct an obstruction at every morphism I x§ 
Spec Os,y — ► Spec Os,y- Then we prove that the semistable log structure exists if and only if all 
these obstructions vanish (see Theorem 5.6 and 6.7) . In the case of no power, we shall see that this 
kind of semistable log structures is canonical (i.e. unique up to a unique isomorphism), which was 
not discussed in [8] and [16]. 

In Section 1 we generalize the concept of normal crossing to the so called "weakly normal crossing". 
In Section 2 we study the invariants of complete local rings, which is of fundamental importance. In 
Section 3 we define the concept of refined local chart. On each refined local chart, we may define a 
log structure, which is the tile for building the global semistable log structures. In Section 4 we list 
some technique and notations in cohomology theory which are needed in later sections. 

In Section 5 we study the local case. In other words, for a weakly normal crossing morphism 
/ : X — > S, we focus on morphisms Xy — ► V for every etale neighborhood V on S which is small 
enough, especially the case when the base scheme S is the spectrum of a strictly Henselian local 
ring. For weakly normal crossing morphisms / : X — > S with nontrivial power, the theory can only 
be built on local cases, because semistable log structures on Xy — ► V may not be unique (up to 
isomorphism). In Section 6 we prove that for a weakly normal crossing morphism without powers, 
the semistable log structures exist if and only if all local obstructions vanish. If so, then it must be 
canonical. 

In Section 7 we study properties of weakly normal crossing morphisms under base change. We 
shall show that the semistable log structures constructed in §6 have good functorial properties. In 
Section 8 we show that on semistable curves, our constructed obstructions are always trivial. So there 
exists a canonical log structure on any semistable curve which make it log smooth. 
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SpecO s [T 1 ,...,T l }/(T 1 ---T r -t) 



Notation and Conventions. Throughout the paper, rings, algebras and monoids are all assumed to 
be commutative and have multiplicative identity elements. A homomorphism of rings (resp. monoids) 
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is assumed to preserve identity element. A subring (resp. monoid) is assumed to contain the identity 
of the total ring (resp. monoid). 

If n is a positive integer, we use S n to denote the symmetric group on {1, 2, . . . , n}. 

For every pair of integers m and n, we define a set [m, n] as 

J {m, m + 1, . . . , n} , ifm^n, 
) , if m > n. 

For a field fc, we use k to denote the algebraic closure of k and fc s the separable closure of k. 

If X is a scheme, / G P(X, C>x) is a section and x G X is a point, we use f(x) to denote the 
image of the stalk f x in the residue field k(x). 

If X is a scheme, a geometric point on X is a morphism of schemes Spec K — > X where K is a 
separably closed field; if x is a point on X, we use x to denote the geometric point Spec n{x) s — > X. 

If 5 is a scheme, / : X — ► 5 and T — > 5 are two S*-schemes, then we define Xt '■= X x 5 T and 
let /t : Xt — > T denote the second projection. 

For every morphism / : X — > S of schemes, we use Xr a to denote the S'-scheme X via /. 

If X is a scheme and G a monoid (resp. abelian group), we use Gx to denote the constant sheaf of 
monoids (resp. of abelian groups) on X et associated to G. 

If ^# is a log structure on a scheme X, we write ^ := /O x . 



1. Definition 

Definition 1.1. Let / : X —> S be a morphism of finite type of locally noetherian schemes, x a point 
on X and y := f(x). A /oca/ c/iart of / at x consists of the following data: 

(1) an etale 5-scheme V = Spec R which is a connected affine scheme; 

(2) a point y' on V which maps onto y; 

(3) an etale V x 5 X-scheme f7 = Spec A which is a connected affine scheme; 

(4) a point x' on U which maps onto x and y'\ 

(5) a finitely generated R- algebra P such that fip/R is a free P-module, SpecP is connected 
and is smooth over V; 

(6) a point p in Spec P which maps onto y'\ 

(7) a subset 

{ T in I * e [l,p], ji G [1,%] } 
of P such that G p for all i and jj, and 

{ d P/R (T ijt ) I i G [l,p], ji G [1, qi] } 

is a part of a basis of fip/p, 

(8) a closed V-immersion C/ ^ Spec P which maps x' onto p and is defined by the ideal 

(ft T^- ai , ft T^-a 2 ,..., ft 

ii=i 32=1 j P =i 

where G P such that aj(y') = 0, and ^ 1 are integers which are invertible in P, such 
that for every i G 2^ e ij; > 1 an d 

A(£W:=Sp eC (p/ £ P-(^ 1 ---3^ 1 ^" 1 1 -" : C')) (L1) 

j»=i 

is connected. 
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We use 

C/^Spec(p/(..., ft •/;/" ",.■■■)) (1.2) 
or ?7/V, or simply {7 to denote the local chart. 

Remark 1.2. Note that all these connectedness can be satisfied by contracting SpecP, U and V 
suitably, so they are not essential restriction. 

The following theorem shows that if a point has a local chart, then all points in some of its open 
neighborhood have local charts. 

Theorem 1.3. Let Rbe a noetherian ring, P a finitely generated R-algebra, 

{ T in I i G I 1 '^' ji e I 1 ' 1i\ } 

a subset of P, oi, a%, . . . ,a p £ R, 

{ ey, | i G G [1,&] } 

a sef of positive integers which are invertible in R. For each i G [1, p], put 

3=1 

Put A := P/(bi, 62, • • • , 6 P ), 5" := Spec P X := Spec A Assume rtaf 

(a) P is smooth over R; 

(b) fip/R is a free P -module; 

(c) { d P / R (T i:ji ) \i£ [l,p], ji £ [1, } is a part of a basis ofQ P/R ; 

(d) for any i £ [1, J] e^-. > 1. 

ii=i 

Then we have 

(1) b\,b2, ■ ■ ■ ,b p is a P -regular sequence. 

(2) X — > S is aflat and local complete intersection morphism. 

(3) For every point x on X, there is a local chart at x. 

Proof. (1) and (2). Since P is smooth over R and {• • • , d(TijJ, • • • } is a part of a basis of Qpm, 
{. . . , Tij., . . .} are algebraically independent over R and P is smooth over R[- • • , ,•••]. So we 
may assume that 

P = R{ ■ ■ ,Tij.,---] 

is a polynomial algebra over R with indeterminates {. . . , T^v, . . .}. Then (1) is by [11, (20.F), 
COROLLARY 2] and induction on p. So X — » S 1 is a local complete intersection morphism. By 
ri2. Corollary of Theorem 22.5], X is flat over S 1 . 

(3) x defines a prime ideal *p of P. Put p := R n Assume that a, 6 p for i G [1, /] and ^ p 
for i £ [I + l,p\. And for each i £ [1,1], we assume that £ *p for ji £ [1, Sj] and Tij i ^ *p for 

Si 

ji £ [si + 1, qi]. Obviously, for all i £ [1, 1] we have Sj ^ 1. Assume that ^ > 1 when i £ [1, r], 

i=i 

and e^j = 1 when « G [r + 1,1]. By taking an affrne open neighborhood of *p in SpecP and an 

affme open neighborhood of p in SpecP, we may assume that a« G P* whenever i £ [I + l,p], and 
Tjjv G P* whenever 

ie P + l,p]v(i€ [U]AjG [si + l, qi ]) 

is valid. Then 

P' :=P/(b r+1 ,...,b p ) 



is smooth over R. For each i G [1, r], since en is invertible in P|j, there exists an element u» G Pq^ 1 
such that 



11 ijf (if Si =g i ,welet« i = 1) . 

ji=Si + l 

By taking an affine etale neighborhood of *p in Spec P, we may assume that U{ G P for all i G [1, r]. 
For each i G [1, r], let be the image of u-iTn in P', and for each G [2, sj, 3y be the image of 



Tij i in P' . Then we have 



ft (T{ n r^ - ai , ft (^ 2 ) e ^ -« 2 ,..., ft c^ r 



Moreover, P' is smooth over P and {• • • , d{Tl-_), • • • } is a part of basis of l?p/ 



□ 



Definition 1.4. Let / : X — > 5" be a morphism of locally noetherian schemes. We say that / is wea&Zy 
normal crossing if it is of finite type, and for every point x G X, either / is smooth at x or there 
exists a local chart at x. 

A weakly normal crossing morphism / : X — > 5 is said to be without powers if in every local chart 
of / as (1.2) . all the powers are equal to 1. 

By Theorem 1.3. if / : X — > S is weakly normal crossing, then / is a flat and local complete 
intersection morphism. 

The following lemma is obvious. 

Theorem 1.5. Let 




be a Cartesian square of locally noetherian schemes. If f is weakly normal crossing, so is f. 



2. Invariants of Complete Local Rings 

In this section we study the invariants of complete noetherian local ring coming from weakly 
normal crossing morphisms, which ensure that all log structures induced by local charts are locally 
isomorphic. 

Let R be a complete noetherian local ring with maximal ideal m and residue field k = R/m. 
Let P and Q be rings of power series over R in variables 

{Xij\i€ [l,p], je [l,q i ]}\J{X 1 ,X 2 ,...,X m } 

and 

{ Y Vj , | *' G [l,p'}, f G [1, }\J{Y U Y 2 ,..., Y m ,} 

respectively. 

For each i G [l,p], let en, e^, • • • , &i qi be positive integers which are invertible in R with ^ > 

i=i 

1, Oj an element in m, and 

Fi:=l[x-; j - ai e p. 
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For each i' G [!,£>'], let e' itl , e' i/2 , ■■■ , e- ; , be positive integers which are invertible in R with 



e'y-i > 1, by an element in m, and 

j'=i 



e' 



Gy := J] y.,;'/' - by eQ. 
i'=i 

Put 

A:=P/(Fi,F 2 ,...,F p ) and S := Q/(Gi, G 2 , . . . , Gy ) . 
Let Xij, Xk and y^/, yy be the images of X^j, Xp, and Yj'jv, Yfc' in A and £> respectively. Let SDti and 
9JT 2 be the maximal ideals of A and B, 9ti and 9t 2 the nilradicals of A and B. 
The following theorem is the main result of this section. 

Theorem 2.1. Let tp: A ^ B be an isomorphism of R-algebras. Then p = p', m = m'; and there 
exists a a £ S p such that for each i G [l,p], we have 

(1) qi = q' a[l y 

(2) a,i = Uib a M for some Ui G R*, 

(3) there exists a T{ G Sg, swc/j that for each j G [1, we have etj = e',^ and (f(xij) = 

Vijy<r(i),T t (j)f orsome Vi i G B *- 
To prove Theorem 2.1. we note the following simple fact. 

Lemma 2.2. Every element in A can be uniquely written as a power series: 

(p qi \ / m \ 

1I1K; ■ 11^ ' (2 " 1} 
i=lj=l J \k=l ) 

where ctij, are in N, c(- • • ) are in R satisfying the following conditions: for every i G [l,p], 
there exists a j G [l,<fr] such that atij < e%j. (So we may talk monomials and coefficients etc.) 
Furthermore, if 

a± = a 2 = ■ ■ ■ = a p = , 
then A = A n is a graded ring, where A n consists of homogeneous polynomials of degree n. 

We first prove Theorem 2. 1 in a simple but fundamental case. 

Lemma 2.3. If R = K is afield, then Theorem 2.1 is valid. 

Proof. Without lose of generality, we may assume that 

J>1, i€ [l,r], , J>1, £' G [1, r'\ , 

o, < r , and d jt { , 

\=1, i€[r + l,p]; l =1 » ^'elr' + l^'], 

for some r G [0,p] and r' G [0,p']. Firstly it easy to see that 

(91 92 9p \ 

n zy, n x 2j ,..., n ^ > 
3=1 3=1 3=1 J 

( i'x q' 2 q ' P > 

^2 = n fy> n V2?,---, n ^ 

\i'=i j'=i i'=i 
Note that 9? induces an isomorphism of vector spaces over K: 

$ : 9ti/(9ti n an?) ^> ot 2 /(^ 2 n ajt|) . 
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As n 9Jtf) has a base x r +i,i, • • • , Xpi and ^2/(^2 n nas a base y r ' + i t i, . . . , y v i\, we 

have 

p — r=p' — r' = f (2.2) 
and there is a D = (dj'j) G GLj(K) such that 

((^(xr+^i), . . . , = (y r '+i,i, y P 'i) ■ D . 

For each i G [r + 1, p], put 

#i := max { | i' G [r' + l,p'] such that di'- r i^- r / } (2.3) 

and let er(i) be the smallest number in [r' + l,p'] such that di'-r'^-r / and e' {ll = gi. Then for 
every i G [r + l,p], we may write as 

^(xji) = Viy a (i) tl + Wi , 

where if we write Vi and ti^ as the form (2.1) . then the constant term of Vi is 

d a (i)-r',i-r G if* (SO G B*) 

and ^ does not contain y a ^)^. For any h G [0, 1 — 1], by considering the coefficient of y^ x 

in (fliy^i),! + we know that ^(^ii)^ / 0- Hence e a ^ e^ (i) r 
Suppose that W{ / 0. We write Wi as 

= CiiLa + Ci 2 ^i2 H h c^L^ + Hj , 

where Lji , Lj2 , • • • , £^ are monic monomials occurred in Wi with lowest degree n (^ 1), qi , Q2 , • • • , 
are nonzero elements in if, and Hi is the sum of monomials of degree greater than n in w^. The 

coefficient of yTK^ L a in fay^^ + u>i) "W* 1 is equal to 

e 'a(i),l ' d a (i)~r',i-r " c il 7^ ■ 

So ^(xiif'M- 1 / 0. Hence > e^. (i))1 . 

As D is an invertible matrix over K, there exists a cr' G 5/ such that 

d a '(l),li d<r'(2),2, ■ ■ ■ j ^cr'(/),r 

are all nonzero. By (2.3) . for every i G [r + l,p] we have 

<V(i-r)+r',i ^ = 4(^,1 < e a . 

Thus 

Y e i'l = Y e 'a'(i-r)+r',l < Y e * ■ 
i'=r'+l £=r+l i=r+l 

Applying above analysis to the homomorphism (p^ 1 : 5 — > A, we have 

p p' 

X] < Y e *'i ■ 

i=r+l i'=r'+l 

Hence for each i G [r + l,p], we have 

e ff'(i-r)+r',l = e CT(i),l = e *l 

and Wi = 0; and a(i) = a'{i — r) + r' is a bijective from [r + l,p] to [r 1 + l,p']. 
In the following we prove that p = p' and extend a to an element in S p . Put 

J := [l,gi] x [l,q 2 ] x ••• x [l,g p ], 

f := [l,gi] x [l,g 2 ] x ••• x [!,«£,]. 
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For each j. = (ji , j 2 , . . . , j p ) G J, put 



a ji,j2,-,jp '■- ' x 2j 2 ' • • • ' ^pjp 



Pj- ~ Pji,h,-,jp '— [ x ljii x 2hi • • • i x P3p) i 

and for each j' = (j[ , j' 2 , . . . , j' pl ) G J', put 

p' p 1 e ' i i 

b f- b v - = (^'^'•••'^)' 

= i./;..^ := (vij' 1 >y2j^- ■ ^y P 'j' pl ) ■ 

Then pj = is a prime ideal of A and qj> = y^ty is a prime ideal of B. Moreover 

(0) = P| aj. and (0) = p| b j( 

jeJ j'.eJ* 

are the primary decompositions of (0) C A and (0) C B respectively. Note that for every j. G J, 



dim{A/pj. ) = ^ 9i ~ V + m , (2.4) 

i=i 

which does not depend on j.. So all pj, are isolated prime ideals belonging to (0). Similarly we have 

P > 

dim(B/q f ) = 4 V - p' + m! , (2.5) 

i'=i 

and all are isolated prime ideals belonging to (0). By the uniqueness of primary decomposition of 
ideals, there is a bijective a : J — > J' such that for every j. G J, (/?(cij. ) = and y?(pj. ) = q a (j.) - 
By (24) and (2S), we have 

p p' 

^ % - p + m = dim(A/pj. ) = dim(B/q a(i .)) = ^ g-, - p' + rri . (2.6) 

i=l i' = l 

Note that (p induces an isomorphism of rings: 

A/Z Pj.^B/z q*. 
By comparing the dimensions of both sides, we get m = m! '. For any j. = (ji, j 2 , ■ ■ ■ , j p ), I. = 

d(j.,l.):=#{ie [l,p]\ji^k}; 

and for each j[ = . . . ,j' pl ), I' = (l[,l 2 , l' pl ) G J', put 

*'{j'X) :-#{i'G[l,p']|j^^}. 

For each j. , Z. G J, we have 

p 

J^gi -p + m- d(j.,l.) = dimA/(pj, + p L ) 

i=l 

= dimS/(q Q(i) + q a{L) ) 



-p' + m-d'(a(j.),a(l.)) 



i'=i 
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By (2.6) . we have 

=D'[a(j.),a(l.)). (2.7) 

So we get 

r = i)((l,...,l),(2,...,2,l,...,l)) 
= o'(a(l,...,l),a(2,...,2,l,...,l)) 
$J r . 

Applying above argument to a -1 , we get r' ^ r and hence r = r'. By (2.2) we obtain p = p' . 
For each j. G J, we put 

"(j) = (ai(i-)) a 2(i-)) • • • • 

For each ft £ [1, r], let s and i be two different numbers in [1, q^], and 

(ji,...Jh,---J P ) G [l,gi] x ••• x [l.gh-i] x x ••• x [l,q p ]. 

By (2.7) . there is a unique integer 

cr = a(h,s,t;jx, . . . J h , . . . J p ) G [l,r] 

such that 

<v(il,- • • Jh-i,s,jh+i, ■ ■ ■ Jp) ¥= . ,jh-lit,3h+i,-- ■ iip) , 

and for all / G [l,p] - {a}, 

oci(ji,. ■ ■ ,jh-i,s,jh+i, ■ ■ -Jp) = . . . ,j h -i,t,j h+1 , . . . ,j p ) . 

First we prove that a(h, s,tji, . . . Jh, • • • Jp) does not depend on ji, . . . , jh, . . . , j p . For simplicity 
we assume that h = 1 and 7, 6 G [1, q 2 ] are two different numbers. Put 

ni := a{l,s,t;jj 3 , ...,j p ), 

n 2 :=a(l,s,t;Sj 3 ,...J p ). 

Suppose that 711 ^ 712. Then we have 

C*ri2 ', .73 > • • • j jp) < - t n2 \P) 7> 33, • • • , jp) ) 

a n2 (s,S,j 3 , . . .J p ) ^ a n2 (t,5j 3 , . . . J p ) . 

So either 

a n2 (s,7, j 3 , ■ ■ .J p ) / a n2 (s,6j 3 , . . . J p ) , (2.8) 

or 

a n2 (t, 7, 33, ■ ■ ■ , jp) 7^ « n2 (£, SJ 3 ,...J p ). (2.9) 
Assume that (2.8) is valid, then 

c r (2,7^;s 5 J3,---,Jp) = n 2 . 
Thus for all I G [l,p] — {712}, we have 

m(s,~fj 3 ,. . . J p ) = ai(s,Sj 3 , . . .J p ) = ai(t,6j 3 , . . . J p ) , 

i.e., 

f'(a(s,7, 33, ■ ■ ■ , j p ),a(t,5, j 3 , . . . , j p )) < 1, 
which contradicts to (2/7). Similarly the validity of (2.9) leads to a contradiction. Hence n\ = n 2 . 
So a(h, s,tji, . . . Jh, . . . J p ) depends only on h, s, t; thus we may write it as a(h, s, t). Clearly 

a(h, s, t) = a(h, t, s). 
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Second we prove that a(h, s, t) does not depend on s and t. We also assume that h = 1 and let 
9l,82, s 3 be three different numbers in [1, q^]. Put ri\ := a(l, s±, s 2 ) and n 2 ■= <r(l, si, S3). Suppose 
that m 7^ n 2 . Since 

a ni (s 3 , 1, ... ,1) = a ni (si, 1, ... ,1) ^ a ni (s 2 , 1, . . . , 1) , 
we have a(l, 82, S3) = ri\. So 

«n 2 (s3, 1, ••• ,1) = 0-n 2 (s2, 1, . . . , 1) = a n2 { s l, h ■ ■ ■ , 1) > 

which contradicts to the fact that a(l, si, S3) = 112- Thus <r(/i, s, i) depends only on h, so we may 
write it as a{h). 

We shall prove that a : [1, r] — ► [1, r] is injective. Suppose that <j(l) = <r(2) = n. Let 
1 ^ si < s 2 < qi, 1 ^ ti < t 2 ^ g 2 , 1 < h ^ 93, • • • , 1 < Jp < 
be integers. Then for any I ^ n, 

a/(si,ti, j 3 , . . .,j p ) = ai{s 2 ,h,j 3 , . . . ,j p ) = on{s 2 ,t 2 ,h, . . . ,j p ) . 

Thus 

d'(a(s 1 ,t 1 ,j 3 , . . .,j p ),a{s 2 ,t2,h, ■ ■ ■ ,j p )) ^ 1 , 

which contradicts to (2.1) . 

Therefore we obtain an element a G S p . 
From above discussion we see that for any 

(h;ji,...,j h ,...,j p ) G [l,r] x [l, qi ] x ••• x [l,q h -i] x [l,q h+ i] x ••• x [l,q p ], 

there exists an injective map 

Thtil, ■ ■ ■ ,Jh, ■ ■ -,j P ) ■ [1, ?h] -» [1, gi-(fc)] 

such that for all s G [1, g/J, 

«<t(A)0'i 5 • • • ) Ja-i>s,Ja+i, • • • = r h (ji, . . . ,j h , . . .,j p )(s) , 

and for all / G [l,p] — {<r(h)}, the value of ati(ji, ■ ■ ■ ,jh-l, s ,jh+l, ■ ■ ■ >3h) does not depend on 
s. Now we prove that Th{ji, ,j p ) does not depend on ji, . . . , j^, . . . ,j p . We assume that 
h = 1 and t\, i 2 G [1, 52] are two different numbers. Suppose that there is an s G [1, q%] such that 

ni := nih, j 3 , . . . ,j p )(s) / n 2 := Ti(t 2 ,j 3 , • • • ,jp)(s) . 

Then 

«(r(l)(s,*l>j2, • • • ,ip) = m / n 2 = a CT (i)(s,t 2 , h,- ■ ■ ,jp) ■ 
Thus a (2) = <t(1), which contradicts to the injectivity of a. So we have a well-defined injection 
T h : [1, q h ] -» [1, Hence % ^ So we get 

v P p 

Z) * < <£(i) = Z «*' • 

i=l i=l i'=l 

p P 

Applying above argument to ip^ 1 , we obtain Yl Qi> ^ Yl Qi- Hence for every i G [l,p], we have 

i'=i i=i 

% = and r h is a bijective. 
Put 

Tr+i = • • • = Tp = id: {1} -> {1} . 
Then for every (ii, j 2 , ■■■ ,j p ) G J, we have 

a{jl,j2, ...,jp)= (T CT -l(l)(ja-l(l)) 5 r a-l(2)Ur-l(2))> • • . , T .-X( p )(j' .-l(p))) • 
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In other words, 

<P( a h,j2,-,j P ) = f, ^-i (1 )(? <r -i(i))^-i (2) a i ,-i( 2 )).-,Vi(p)^-iW ) < - 2 ' 10 ' ) 

and 

Let h G [1, r] and s G [1, Put 

x:=x hs , y y CT (ft),r A ( s ) > e:=e fts , e' := 4 WiTh(s) 
for shortness. Then we have 



(xi = n 



^ilr- ,jh-l, s >3h+l> — Jp ' 



iie[l,gi],...Jh_i6[l,gh_i], 
ih + i£[l,<? h+ i],...JpG[l,g p ] 

By (2.10) . we have (f((x e )) = (y e '). So Lp(x e ) = uy e ' for some u G S*. Note that x e G SDTf -9Jt^ +1 
and uy e G SDt| ~~ ^2 • So e = e'. On the other hand, we have 

(x) + 9Ti = J^j Pj 1 ,...,j h _ 1 ,s,j h+1 ,...,j p j 

3'xe[l,gi],...,j'fc_ie[l,gh_i], 
A+ie[i,gj i+ i],...,i P e[i,g P ] 

By (2.1 1) . we have 

¥>((a;) + 9ti) = (y) + 5t 2 . 

So = + u; for some v <E B and u) G 9t 2 . We write v and u; as the form (2.1) and assume 
that w does not contain y. Suppose that v G 9Jt 2 . Then ip(x) G + 91 2 . So x G SDtf + 9Xi, a 
contradiction. Thus u G 5*, i.e., the constant term cq of v is nonzero. 
Suppose that We write u; as 

w = c\L\ + c 2 L 2 H 1- c s L s + F , 

where Li, L2, ■ ■ ■ , L s are monic monomials occurred in it; with lowest degree n 1), ci, c 2 , . . . , c s 
are nonzero elements in K, and i7 is the sum of monomials of degree greater that n in w. Note that 

uy e = (p{x e ) = (f{x) e = (vy + w) e . 

By Comparing the coefficients of y e ~ 1 L\ in the above equality, we get = ecQC\, a contradiction. 
So w = 0, i.e., x = vy. □ 

Proof of Theorem 2.1. By Lemma 2.3. p = p', m = ml, and for every i G [l,p] and j G [1, 

for some u^- G B* and iPq G mB. (Here to without loss of generality, we assume that a, t\, t 2 , . . . , r p 
are identities.) We express Uij and Wij in the form of (2.1) and assume that W{j does not contain yij. 
For every integer h ^ 1, put := m /l + Assume that we have proved that a{ G and 
Wij £ &ih,B. Then we have 



Si 



i=l 3=1 



9i 



= ^ ' '/ "/./-'A i • • • 2/3- 1 1 f 3+1 • • • f 5r ^ ( mod > ( 2 - 12 ) 
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where u'- G Now we apply Lemma 2.2 to the -R/a^+i-algebra B / 'ai^h+iB. By comparing the 
constant terms in (2.12) . we have aj G (Xih+i- Suppose that Wij ^ a^+i-B. Then we have 

Sij 

Wij = ^2 CijiLiji + Hij (mod a^+i-B) , 
i=i 

where c^i, Cy 2! • • • , c ij)Si] G a ih - a ijh+1 , L ijl ,L ij 2, are different monoic monomials in 
Wi with lowest degree Uj, and Hij are sums of monomials of degree greater tij in Wi. By comparing 
the coefficients of the term 

, ( e « . . . 7 , e ^i- l 1( ei J _l 1 , e 'J+ 1 . . . 7 , e *'<?i T . 

yn vij-i »ij Uij+i Vim 
in (2.12) . we get a contradiction. So we have 

00 

(H € f| (m h + (6,)) = 
ft=i 

and 



G P| (m^S + B&i) = Bbi . 



h=l 

The same reasoning for ip^ 1 shows that hi G (a^). So aj = Uj6j for some Ui G i?*. Put w^- := w'^bi 
and 

Vij .= Uij + //,, • • • .'/,./ I .</,/ I/iJ+i • • • //,,,. Wij ■ 
Then G 5* and ip(xij) = VijUij. This complete the proof of Theorem 2.1. □ 

The following Theorem is easy to prove. 

Theorem 2.4. For each i G [l,p], let dj denote the kernel of multiplication by d{ on R; and for each 
j G [1, qi], let 3ij denote the kernel of multiplication by Xij on A. Then 

(1) for each i G [l,p] and j G [1, qi], we have 

■Ji 3 — ^ ^ij-l x ij iq, I ' 

(2) for each i G [l,p], the canonical homomorphism of A-modules 

qi qi 

is an isomorphism. 



3. Refined Local Charts 

In this section we define the concept of refined local chart, which is more delicate than local charts. 
Log structures induced by refined local charts are all locally isomorphic. But it is not true for local 
charts. Also we introduce two assumptions on which the main results of this paper is built. 

Let / : X — ► Y be a surjective, proper and weakly normal crossing morphism of locally noetherian 
schemes. 
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3.1. The singular locus. 

Lemma 3.1. Let ip: A —* B be a flat local homomorphism of noetherian local rings, x and y two 
nonzero elements in A. If there is a v £ B* such that (f(y) = v<p{x), then there exists a u £ A* such 
that y = ux. 

Proof. Since A and B are local rings and cp is flat, we see that tp is faithfully flat. So xA = tp~ l {xB) 
and yA = ip~ 1 (yB). Thus xA = yA if and only if xB = yB. □ 

Lemma 3.2. Let x G X, y := f(x), 

U _> SpecP /( ft - ai) ft Tg 2 - a 2> . . . , ft ^ - a p ) 

ii=i 32=1 j p =i 

ant/ 




&e two local charts of f at x. Let tij t and t'., be the image ofTij t and T', ., in Ox,x respectively. 
Then p = p' and there exists a a £ S p such that for each i £ [l,p], we have 

(1) qi = q' a(iy 

(2) a, = Uia' a ^ for some m £ Y ^, 

(3) there exists a n £ S qi such that for each j £ [1, = ^^..j and % = v ijt' a (i\ Ti u) 
/or some G 0^ s . 

Proof. We use notations in Definition LL Let x' £ U and x" G £/' be the points as in Definition 
LI (4) and y' £ V the point as in Definition _LJ_ (2). Put U" :- U x x V. Then there is a point 
xo G U" which maps onto both x' and x" . Let x[ be a closed point in {xo} C [/" and let xi be 
the image of x\ on X. Then xi is a closed point in {x}. So by considering the cospecialization 
map Ox,xi ~^ ®x,x, we may assume that x = x\ is a closed point. Then n(x)/K(y) is a finite 
extension of fields. By [6, Ch. 0, (10.3.1)], there is a complete noetherian local ring R' whose residue 
field is algebraically closed and a flat local homomorphism Os,y — ► -R'. By taking base extension 
Speci?' — ► S and applying Lemma 3.1. we may assume that n{y) is algebraic closed. As x is a 
closed point, k(x) = n(y) is algebraic closed. Thus k(x) = k(x'). Let 971 and m be the maximal 
ideals of Os pe c Px' an d Ov,y' respectively. There there is a canonical isomorphism: 

L := 9JT/(9JT 2 + mP) ^> i? P/p ® P P/SDt . 

As ... , Tij i , ... G L are linearly independent over k(x'), we may select T\, T2, . . . ,T n £ 9JI such 
that {. . . , Tiji-, ■ ■ ■ , Pfc, • • •} is a basis of L. By taking a connected affine open neighborhood of x' in 
SpecP, we may assume that {. . . , d{Tij t ), . . . , d{Tk), ■ ■ .} is abasis of fip/R. Then {. . . , Tij i: . . . , T&, . . .} 
is algebraically independent over R, and P is etale over R[. . . , T^, . . . , . . .]. So we have an 
isomorphism of Os ^-algebras: 

os.r -■d s . !l ]....T; J , n ::/(•••• 11 ^ «-•••)• 

Similarly we have 

- a 5lfl [[. . . . .. .. .]]/(. . . , ft (r:%v % - ■ ) ■ 

i'i'- 1 

So the lemma is valid by Theorem 2.1. □ 
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Let a; be a point on X equipped with a local chart of the form (1.2) . For each % G [l,p], let Jf{ be 
the ideal of Ojj generated by 

{ T ii • • • T^T^T^ ■ ■ ■ | j G [1, «] } . (3.1) 
By Lemma 3.2. we see that 

are independent of the choice of local charts (up to a unique permutation of the subscripts in S p ). 
From (1.1) . we know 

Di(U/V) = Spec(0crM) 
for each i G [l,p]. So for U/V we have a finite V-morphism 

p 

Du/v :=l[D t (U/V)^U. 

i=l 

Clearly 

{ L^/y -> C/ | ?7/V is a local chart for / } 

can be glued to a global finite 5-morphism g: D — > X. To consider the properties under base 
extension, we also use D(f) or D(X/S) to denote the scheme D for preciseness. 

Obviously the set-theoretic image of the finite morphism D(f) —> X is the set of all points at 
which / are not smooth. 

Clearly we have 

Theorem 3.3. Let 

f 
□ 

be a Cartesian square of locally noetherian schemes. Then we have 

D(f) = D(f)x s S'. 

For a point y G Y, we define 

Dy :=D[(X x s Spec Oy,y)/ Spec O y ,y) =D{X/S) x 5 SpecOy i5 , 
and let CP(y) denote the set of connected components of Dy. 

3.2. Reduced to local cases. In this subsection, we assume that S = Speci?, where R is a strictly 
Henselian noetherian local ring, and y\ is the closed point of S. 

Lemma 3.4. Let T be the spectrum of a Henselian local ring, t the closed point ofT, Y a connected 
scheme, g: Y — > T a etale morphism, y a point on Y such that g(y) = t and K,(t) — > n{y) is 
isomorphic. Then g: Y — > T is an isomorphism. 

Proof. See [7], (18.5.11) a) =^ c) and (18.5.18). □ 

Lemma 3.5. Let T be the spectrum of a Henselian local ring, t the closed point of T, Y — > T a 
proper morphism. Then Z i— > Z% defines a bijection from the set of connected components ofY to the 
set of connected components ofYf. 

Proof. See [7, (18.5.19)]. □ 
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By Lemma 3A if x G f~ l {yi) and U/V is a local chart of / at x, then V = S. By Lemma 3.2. 
there is a canonical map 

u:CP{y x )^R/R* (3.2) 
(here "/" means taking quotient of monoids) such that if x G U a local chart of the form 

(1.2) at x, i G [1, p], and C G CP(yi) is the connected component of D(X/S) which contains the 
image of D^U/S) on D{X/S), then 

aj = w(C) . 
Now we consider the following conditions. 

(*) For each point x G and for each local chart U at x, the images of 

D 1 {U/S),D 2 {U/S), . . .,D P (U/S) inD{X/S) are contained in different connected 
components of D(X/S). 

Lemma 3.6. If (*) holds, then every connected components of D(X/ S) is a closed subscheme of X. 

3.3. Construction of refined local chart. We return to the general case that S is only a locally 
noetherian scheme. For each point y G S, we use 

Uy:CP(y)^O s ,y/0* s>g 

to denote the map as in (3.2) . 

In the following, we require that / : X — » S satisfies the following conditions. 

(f) For each point y G S, X x g Spec Os,y — ► Spec satisfies the condition (*). 

Lemma 3.7. Lef y be a point on S. Fix an open affine neighborhood W y of y. We define a full 
subcategory N(y) of the category ofetale neighborhoods ofy as follows: for an etale neighborhood 
Vofy, V G N(y) if and only if it satisfies the following conditions: 

(a) the image ofV in S is contained in W y ; 

(b) the inverse image ofy in V contains only one point y' G V; 

(c) V is an affine scheme and every irreducible component of V contains y'; 

(d) for every irreducible component F of Dy, the image of F on V contains y'. 

Then we have 

(1) For any pair of objects V and V in N(y), there exists at most one morphismfrom V' to V; 

(2) N(y) is a local base ofy, i.e., for every etale neighborhood V ofy, there is an object V' in 
N{y) and a morphism V' — ► V ofetale neighborhoods ofy. 

(3) for any morphism V — > V in N(y), Dy — > Dy is dominant. 

Proof, (l)isby [3,15.4]. 

(2) For every etale neighborhood V of y, we may contract V under the Zariski topology to obtain 
an object in N(y). 

(3) For each object V in N(y), since the image of Spec Os,y — > V contains all generizations of y' 
in V, the morphism Dy — ► Dy is dominant. So for any morphism V' — * V in N(y), Dy/ — > Dy is 
dominant. □ 

Remark 3.8. By (1), we may define a partial order on N(y) as follows. For any pair of objects V 
and V in N(y), V' ^ V if and only if there is a morphism from V to 1/ in N(y). Obviously N(y) 
is directly ordered, i.e., for any pair of objects V and V in N(y), there exists an object V" in iV(y) 
such that V" ^ V and V" > V . 

Let y be a point on 5. For each object V in N(y), let : — > be the canonical morphism. 
By LL (8.4.2)], there exists an object Vo in iV(y) such that for all V ^ Vo, -F •— ► qv{F) defines a 
bijection between CP(y) and the set of connected components of Dy. By the definition of N(y), the 
inverse image of y in Vq contains only one point y' . For every closed point x in fy 1 {y'), if fy is 
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smooth at x, we select open neighborhoods U x of x and V x of y respectively such that fv (U x ) C V x 
and /y : C/ x — ► is smooth; otherwise we select a local chart U x /V x at x. For every U x , let iZ£ be 
its image in Xy ■ As 

fv \y') ^[ju' x 

and fy*(y') is quasi-compact, there exists a finite number of closed points x\, X2, ■ ■ ■ , x m in fy Q (y') 
such that 

m 

fvM) e U ^ • 

Put 



v" := v - ( x Vo - u ^, 

1=1 



As fv '■ Xy — ► Vb is proper, V' is an open neighborhood of y'. There exists an object V\ in iV(y) 
and a morphism of etale neighborhoods of y' , 

V X -» V' Xy Q V X1 Xy Q • • • Xy„ V Xm . 

Let C\, C2, . . . , C n be all connected components of Dy. For each i G [1, re] and each V G iV(y) 
with V ^ V\, Ci defines a connected component Q(V) of Dy. By Lemma 3.2. there exists an 
element 

bi{V)er{v,o s /<T s ) 

such that for every point z G V and for every connected component F of which maps into Q(V), 

Obviously bi(V) depends only on y, Ci and V. Let Zi(V) be the closed subscheme of V defined by 
the ideal generated by 6j(V). Clearly the inverse image of y' (G V~o) in V is contained in all these 
subschemes Zi(V). 

The following lemma can be directly verified. 

Lemma 3.9. Let V ^ V O VI) 6e ftvo elements in N(y). Then Ci(V) = d{V) x v V' and 
Z i (V') = Z i {V) x v V. 

Lemma 3.10. Cj(V) — > V factors through Zi(V) and Ci(V) is faithfully flat over Zi(V). 

Proof. It is by the following lemma. □ 

Lemma 3.11. Let R be a ring, A = R[T±, T2, . . . , T n ] a polynomial ring over R, e\, e2, ■ ■ ■ , e n 
positive integers. Then 

._ j^j ' ^rpei—lrpe2 _ _ _ rpe n rpeirpe2—l _ _ _ rpe n rpe\rpe2 _ _ _ rpe n — l^ 

is flat over R. 

Proof. Note that B is a free i?-module with basis 

r rpi lr pi 2 rpi n either there exists an integer k G [1, re] such that i*. < efc — 1 or \ ^ 
I 1 2 n there exist at least two integers k G [1, re] such that ifc ^ — 1 / ' — ' 

Notation 3.12. We defines a subset N (y) of iV(y) as follows: for V G N(y), V G iV (y) if and 
only if it satisfies that 

(1) V > V x . 

(2) For each i G [1, re], there exists a section a« G -T(V, 0y) such that 

a t = h(V) (mod 0* v ) . 

(3) If z is the inverse image of y in V", then for any i G [1, re] and any irreducible component F 
of Zi(V), F contains z. 
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It is easy to show that for each V G N(y), there exists an object V' in iVo(y) such that V' ^ V; 
and we have the following easy lemma. 

Lemma 3.13. Let z be a generization of y, u: Os,y — > 0s,z a cospecialization map, and v: D s — ► 
morphism induced by u. 

(1) For each i, v~ l {Ci) = if and onZy ifu(ujy{Cij\ = 1 in Os,z/0* S2 . 

(2) If v~ l (Ci) 0, ?/zen every connected component ofv~ 1 (Cj) is a connected component of 
D- z . 

(3) A// connected components of Dz can be obtained as in (2). 

We consider the following conditions about /: 

(|) Let yi be a point on 5, yo a generization of y\, u : Os,y x — ► Cs 1 ,^ a cospecialization 
map, and u : L>g — ► the morphism induced by u. Then for every connected 
component C of D^, v~ l {C) is connected. (Here empty set is also regarded to be 
connected.) 

Lemma 3.14. (J) is satisfied if one of the following conditions holds: 

(1) S is a spectrum of a field. 

(2) There exists a finite set L of closed points in S such that f is smooth outside L. 

(3) S is a spectrum of a discrete valuative ring and f is smooth at the generic fiber. 

(4) / is a weakly normal crossing morphism without powers. 

Proof. (1), (2) and (3) are trivial. 

(4) Obviously for each y G S, X y is geometrically reduced over n{y). Let C be a connected 
component of D yi such that v~ l (C) ^ 0. Fix an object V G iVo(yi). Let y[ be the inverse image 
of yi in V. Then the cospecialization map it : Os,y x — ► 0s,j/ O defines a point y on V which maps to 
yo and is a generization of y[. C defines a connected component C of Dy. By Lemma 3.10. there 
is a closed subscheme Z of V such that C factors through Z and C is proper and flat over Z. As 
y^ G Z and 7^ 0, by Lemma 3.13 v' G Z. Obviously C y i is geometrically connected and 

geometrically reduced over K(y[). Hence 

dim K{yD r(c yli ,Oc) = 1. 

y l 

By & (7.7.5)], 

{zGF| dim K(2) r(a,OcJ <1} 
is an open neighborhood of y[. As y' is a generization of y' t , 

dim K(yo) r(c yo ,o €yo ) < 1. 

So Cy is geometrically connected. By Lemma 3.5. v~ l {C) is connected. □ 

Lemma 3.15. Assume that f satisfies the condition (J). Let y G S, V G No(y), Ci, C2, . . . , C n ffte 
connected components of Dy. For each i G [1, n], Zef C7j Z?e ?ne connected component of Dy defined 
by Ci and let aj G i^(V, O5) /?e a representative element ofbi(V). Let z' be a point on V and z its 
image on S. Then 

(1) Let i G [l,n] such that {a,i) z i G V(iy z i. Then Ci Xy SpecO^j is a connected component of 
D z and its image under the map LOz is equal to (a^) z >. 

(2) { Ci x y Spec Os,z I * G [1, n] and (cii) z i G rny z > } is the set of all connected components of 
D-z. 

Proof. (1) Obviously z' G Zi(V). Let F be an irreducible component of Zi(V) containing z' . Let 11/ 
be the generic point of F and it; its image on S. Suppose that Ci x y Spec is disconnected. Then 
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by Lemma 3.13. Q xy SpecOs,^ is disconnected. By the definition of No(y), we see that y G F. 
So u; is a generization of y. Let 

« : Os, y = Os,y* — ► Os,™' = Cs,* 
be a cospecialization map and u : — ► the induced morphism. Then 

v~ l {Ci) = CiX V SpecO s ,u, ■ 

Since / satisfies the condition (J), u (C$) is connected, a contradition. 

(2) is a consequence of (i). □ 

Definition 3.16. Let x G X be a point and y := /(x). A refined local chart of / at x is of the form 

(U, V; Tix, ■ ■ ■ , Ti qi ; . . .;T p i, . . . , T pqp ;ai,...,a n ) 

where 

tf-SpecP/(..., ft C -«*'-) 

is a local chart at x, F G iVo(y)> n : = #CP(y) ^ p and a; = bi(V) (mod 0y) for all i G [1, n]. We 
also simply use £//V or {7 to denote a refined local chart. 

Remark 3.17. If / is smooth at x, then p = 0; and if / is smooth at the fiber X y , then p = n = 0. 

Remark 3.18. Obviously every local chart can be contracted in the sense of etale topology to become 
a refined local chart. 

v 

Remark 3.19. Let M\j be the log structure on U associating to ajj : N™ — * Ojj with m := Yl 1i + 

i=l 

n — p, where if 

mi,-- -,VlqiT ■■,Vpi,-- ■ ,r/pq P ,Vp+l, ■■■>%» 
is a basis of N"\ then ajjirjijj = fori G [l,p] and jj G [1, tfc], and au{r]i) = cij for % G [p+ 1, n]. 
Let be the log structrue on 1/ associating to /3y : Ny — > £?y, where if e\, . . . ,e n is a basis of 
N n , then /3y( £ i) = a i f° r ai l * S [1, n]. Let g: C7 — > V be the canonical morphism. Then there is a 
canonical morphism 

<Pu/v '■ 9*^v -> Jtu 

Qi 

defined by the map 7: N™ — > N m , where 7(e») = ^ ^j'faj f° r * e [1>p] an d l( £ i) = ^ f° r 

i=l 

i G [p+ l,n]. 

Remark 3.20. As = ja~^(Oy) does not depend on the choice of Oj and T^, we may glue 
the sheaves to obtain a global sheaf & of monoids on X et and there is a canonical morphism 

0: -> Ox/Ox • 

Similarly we may glue the sheaves ,/Ky to obtain a global sheaf J2 of monoids on 5 et and there is a 
canonical morphism 

0: =2 -»■ Os/O^. 

Moreover, there is a canonical morphism d : — > ^ defined by 7 which makes the following 
diagram commutative: 

f-ig—£^-+f-i(Os/0* s ) 


^ 

Lemma 3.21. £j canonically isomorphic to the direct image ofNr)(f) under morphism D(f) — > S 1 . 



22 



4. COHOMOLOGY AND HYPERCOVERINGS 

In this section, we review some technique in [5]. A brief version can be found in [17, §2 and §3]. 

4.1. Cohomology. Let X be a scheme. We define a category il(X) as follows: an object in ii(X) is 
a diagram 



V 



u ■ 



X 



(4.1) 



where U and V are schemes, u: U —> X and ui,^: y=£C/ are surjective etale morphisms such 
that u o v\ = u o V2 and the induced morphism 

(v 1 ,v 2 )x- V -+U x x U 

is surjective (and obviously etale); we also simply use U /V to denote the object (4.1) ; a morphism in 
ii{X) is a pair of morphisms 

(/,<?): U'/V'^U/V 

which makes a commutative diagram 




Given an object of form (4JJ in U(X). Put (V/i7)o := U, (V/U)\ := V, p 00 := u, p w := v x , 
Pii '■- V2- Assume that for some integer n ^ 2, we have schemes (V/U)k for k G [1, n— 1] and etale 
moiphisms 

(V/CO* - (V/t^k-l 
for 2 G [0, fc] such that whenever ^ % < j ^ k, we have 

Pft-l.i ° Pfcj = Pk-ij-i ° Pfci ■ (4-2) 

Put 

^ (W)n-l X X {V/U) n -l XX---*X {V/U) n -! 



n+1 copies of (V/U) n —i 

and let q ni : P n — > (V/U) n -i be the (i + l)-th projection. For each ^ z < j ^ n, let K(n,i,j) 
be the equalizer of p n -i,i ° (fry and p n -i,j-i ° <2Wt in the category of schemes. As (V/U) n -i is etale 
over X, i, j) is an open subscheme of P n . Put 

(V/C7)„:= f| j) 

and 

Pni := qni\(V/U) n : ( V /U)n ~> (V/U) n -i . 

Let & be an abelian sheaf on X ct . We define a cochain complex of abelian groups as follows: for 
each n G N, put 

C n (V/U,^) :=r((V/U) n ,^) 

and let 



71+ 1 



i=0 



be the differential. Let H n (V/U, be the corresponding cohomology group. We define 

H n (X,^) := limF n (T//[/,^) , 
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where the colimit runs through all elements in il(X). 
Let 

o -> U & h -> o 

be an exact sequence of abelian sheaves on X et . For i = 0, 1, we define 

&:W{X,&") -^U i+1 (X,&') 

as follows. 

Let s G Z°(V/U,^") be a 0-cocycle. By refining U, we may choose a lifting 5 G ^(U) of s. 
Then we define 

<J°(*)=Pio(S)-pJi(5). 
Let t G Z 1 (V/U, be a 1-cocycle. By refining V, we may choose a lifting t 6 ^(V) of i. 
Then we define 

^(i)=P2o(*)-P2iW+P22(i)- 
Theorem 4.1. For eac/i n = 0, 1, 2, we Ziave a natural equivalence 

U n (X,.)^H n (X ct ,.); 
and for each short exact sequence the natural equivalences commute with the connecting functors 5. 
4.2. Gerbe. Now we fix an abelian sheaf & on X ct . 

Definition 4.2. An ^-gerbe (X, u>) consists of the following two data: 

(a) a stack X over X ct ; 

(b) for each etale X-scheme U and for each object A in X(U), an isomorphism of sheaves of 
groups: 

u{A): &\u ^ £/utu(A) . 
These data satisfy the following conditions: 

(1) for any etale X-scheme U, there exists an etale covering {U — > U}i e i in X ct such that 
X(Ui) + for all % G I; 

(2) for any etale X-scheme U and any pair of objects A and B in X(U), there exists an etale 
covering {U — > U}i £ i in X ct such that A\jj i and are isomorphic in X(U) for all i £ I; 

(3) for any etale X-scheme U, any element g G &(U), and any isomorphim (/?: A ^ B in 
X([7), we have 

=w(B)(j)o(p. 

(So we may simply write ip o <? or 5 o ip or even # ■ <p for above morphism.) 

Fix an ^-gerbe X. Choose an etale covering U — > X which admits an object ^4 G X(U), and an 
etale covering F^f/xjf[/ which admits an isomorphism 

in 3E(V). Then there exists a cocycle g G Z 2 (V/U, such that 

9°P2l{4>) =P22(0) °P20<» : (PlO °P20)*(-4) ^ (Pll °P22)*(-4)- 

We define 

[X] := [5] eH 2 (X et ,&). 

Lemma 4.3. Le? V/i7 be an object in 2l(X), A an object in X(U), and 4>: p* (A) ^ p\ 1 {A) an 
isomorphism in X(V) satisfying the cocycle condition: 

P2lO) =P22(^) °P2o(^) : (PlO °P20)*(A) ^ (pu Op 22 )*(i) . 

77ie« ?/iere ex/sta ara object B in X(X) and an isomorphism ip: B\u — ► A in X(U) such that 4> 
p*o(</>) = Pii(y)- And (B, <p) is unique up to isomorphism. 
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Theorem 4.4. X(X) / if and only if[X) = in H 2 (X et ,^). 

Let (/ G Z 1 (V/U, A an object in X(X). By Lemma 43, there is an object in X(X) and 
an isomorphism <p g : g(A)\u — ► A\jj in X(U) such that g°pl (<ftg) = p* ll {4> g ). It is easy to show that 
(g, A) i — y g(A) defines an action of the group if 1 (X et , J^~) on the set of isomorphic classes of objects 
mX(X). 

Let A and B be objects in X(X), 4>: A\u —* B\u an isomorphism in X{U) and g G &(V) such 
that 5 o p* o (0) = pf^). Then <? G Z^V/U, &) and = A in 3t(X). 

Theorem 4.5. IfX(X) / 0, grow/? ff 1 (X et , ^) acfs canonically and simply transitively on 

the set of isomorphic classes of objects in X(X). 

5. Local Cases 

Let / : X — » 5 be a surjective, proper and weakly normal crossing morphism of locally noetherian 
schemes which satisfies the conditions (f) and (|) in §3.3. D\, ■ ■ . , D n the connected components 
of D{f). Assume that there exist global sections 

ai,a 2 ,...,a n G r(S,O s ) 

such that for any point y G 5 and any i G [1, n], the following two conditions holds: 

(1) if a it y G 0* S y, then A x 5 Spec0 Sjfi = 0; 

(2) if a iiS G msfi, then 

A,g := A X5 SpecC 5)5 
is a connected component of Dy and u^(A,s) = a^j. 

Thus 

CP(y) = { D it y I i G [1, n], Oj, s G ms i5 } . 

Obviously when S 1 is a spectrum of a strictly Henselian local ring, then above conditions hold. 
Furthermore, for any point y G 5 and any V G iVo(y), Xy — » 1/ satisfies above conditions. 
Let JV be the log structure on S defined by 

where ej, e 2 , ■ ■ ■ ,e n is a basis of N n . 

For each % G [1, n], let ^ be the ideal sheaf on X corresponding to the closed subscheme A and 
let Jti denote the kernel of the multiplication by on Os- As / is flat, the kernel of the multiplication 
by di on Ox is equal to • Ox- Let Ei be the closed subscheme of X defined by <%i ■ J?i and put 

n 

E := \\ Ei. We also use E(f) or E(X/S) to denote the scheme E. 

i=l 

n 

Let &i be the kernel of the morphism O x -> on Z et . Then = l+J^. J^. Put ^ := \[ 

i=l 

Then we have an exact sequence of abelian sheaves: 

-> ^ -> (O^f -»■ 0£ -> 0. 

We also use or J^(X/S) to denote this abelian sheaf JF. 

Let J 2 , =2, 0, i9 and U be the notations defined in Remark 3.20. Obviously there is a canonical 
moiphism — ► J2. Let 7 denote the composite 

n x ^ r 1 ^ ^ ^ . 

We define a stack X on X et as follows. For each etale JT-scheme U, an object in X(U) is a 
pair (^#, cr), where is a fine saturated log structure on U and cr: ^# — > ^|t/ is a morphism of 



25 



sheaves of monoids which induces an isomorphism j% — ► and makes the following diagram 
commutative: 

Jt >O v 

a 

w 

g>\ u —+o u /o* v 

If U' — > {/ is a morphism of etale X-schemes, (^#,cr) £ X([7) and (^',a') G £(£/'), then a 
morphism of <r') to (^#, a) in X lying above E7' — » C7 is an isomorphism </j : ^> of 
log structures such that a\jji o tp = a'. 

We shall prove that X is an J£"-gerbe (see Lemma 5.4) . The proof needs the following three simple 
lemmas. 

Lemma 5.1. Let X be a scheme, ^ a fine saturated log structure on X and x a geometric point on 
X. Then there exists an etale neighborhood Uofx and a fine saturated chart Pjj — ► ^K\u such that 
the induced map P — > jjt is a bijection. 

Lemma 5.2. Let X be a scheme and a : — > Ox a fine log structure on X. Put & := ^ and 

let a: 2? — ► Ox / O x be the morphism induced by a. We define an abelian sheaf on X e t as 
follows: for every etale X -scheme U, g/(U) is the set of morphisms a: 5 asp |[/ — > 0\j of abelian 
sheaves such that for any etale XJ -scheme V and any section s G &{V), we have ay (s) -t = t, where 
t G r(V,Ox) is a lifting of a(s). Then there is a canonical isomorphism from srf to the sheaf of 
automorphisms of log structures of \M which induce identities on & defined as follows: for any etale 
X-scheme U and any section a G r(U, uJu(a)y(s) = s ■ ay(s), where V is an etale U-scheme 
and s G ^(V). 

Lemma 5.3. Let X be a scheme and P a fine monoid. For each i = 1, 2, let aj : Px — ► Ox be a 
morphism of sheaves of monoids, the log structure associating to cti, Li : Px —> the induced 
morphism. Assume that there exists a morphism 5 : Px —> O x of sheaves of monoids such that 
ot\ = 5 ■ a 2 - Then there exists a unique isomorphism p: ^(\ — ► ^2 of log structures such that 

p O L\ = 5 ■ L 2 . 

Lemma 5.4. X is an J^-gerbe. 

Proof. We have to verify the conditions in Definition 4.2. (1) is obvious. Datum (b) and Condition 
(3) is by Lemma 5.2 and Theorem 2.4. 

For the condition (2), let U be an etale X-scheme, a\ : — ► Ojj and 02 : ^2 - ► Ojj two 
objects in X(U), x a point on U. Put P '■— 2? x - By Lemma 5.1. for each i = 1,2, there exists 
an etale neighborhood Vi, and a chart Py i — > which indues identity on P = 3^ x - Put 

V3 := Vi Xu V 2 . Since both 

(Oi Pi)x ■ P -> £>U,x 

are liftings of 

X \ P —* Ou,x/Ou,3; > 

we have an etale neighborhood V — * V3 of x and a morphism u : Py — ► O v of sheaves of monoids 
such that S% = u • 62, where 

8i*= (aiop^y.Py^Oy. 

As Py — > ^ I v are charts, by Lemma 5.3 there exists an isomorphism <p : ^#1 ^> ^#2 of log 
structures such that ip o (3i\y = u ■ f3 2 \y- Thus <p induces identity on 3?\y. So ip is an isomorphism 
inX(y). ' ' □ 
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Obviously there exists an etale covering U — > X, an object j$ in X(U), and a moiphism p : NJ} — > 
which is a lifting of -y|[/ : Mj — ► So there exists an etale covering V —>■ U xx U and 

an isomorphism 0: pj (^#) p\\{^) of log structures on V (here the notations (V/U)k and 
Pfci : {V/U)k —* (V/U)k-i are defined as in §4JJ. Hence there exists an element 

u=( Ul ,u 2 ,...,u n ) g (O x ) n (V) 

such that 

0°Pio(p) =u-Pu{p) 
and a cocycle g G Z 2 (V/U, ^) such that 



We have 

By (42), we have 



5°P2l(0) =P22( < A) °P2o( < / ) ) 

[X] = b]Gif 2 (X ct ,^). 

PlO P21 = PlO P20 , 
PlO P22 = Pll ° P20 , 
Pll ° P22 = Pll O p 2 l • 



We also have 



9-P2i(«) • (PH °P2i)*(p) 

= g-P2i(4>) ° (pio °P2i)*(p) 

= P*22(4>) °P2a(4>) ° (PlO °P2o)*(/>) 
= P2o( u ) "P^O) ° (Pll °P20)*(P) 
= P*2q{ u ) ■P*22{4>) ° (PlO °P22)*{p) 
= P2o( u ) ■P22i u ) ■ (Pll °P22)*(p) 
= P2o( U ) -P22( n ) • (Pll°P2l)*(p) • 

Thus p = |?2o( n ) ' P22( u ) ' P2i( n ) _1 - Since the image of g in 0* E is equal to 1, we see that u 
determinates an element in H (E e t,0 E ). So we obtain an invertible O^-module, which depends 
only on the morphism / : X S. We denote it by Jgf (/) or 3f(X/S). 

Definition 5.5. A semistable log structure on X is an object (^#, <r) in 3£(X) such that there is a 
morphism p : — ► ^# which lifts the morphism 7 : — > <5^. 

Theorem 5.6. 

(1) There exists a semistable log structure on X if and only ifjf(f) = Oe- 

(2) r/jg semistable log structure on X is unique (up to isomorphism) if it exists. 

Proof. (1) If semistable log structures on X exist, obviously J£f(/) = Oe- 

Assume that «5f (/) = Oe- By above argument, [X] is the image of Sf(f) under the connecting 
map 

H\E eU 0* E ) -^H 2 {X cU &). 

Thus [X] = 0. By Theorem 4.4. there exists an element j$ € 3t(X). Let [/ — > X be an etale 
covering such that there exists a lifting p: Nj) — > of 7|[/ : — > Put V '■— U x$ U and 

letu G (C^) n (F) such that pj (p) =«-j^ 1 (p). Let u be the image of u in 0* E (V). As 
is represented by [u], there exists an element v' G Oe{U) such that u = p* (u') • PhC*/) • By 
contracting U suitably, we may choose a lifting v G (C^ sr ) Tl (L r ) of v' . Then 
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for some g G &(V). As d 2 (g) = d 2 {u) = 1, g is a cocycle. Put 
Then 

Pio(Pl) =5 , -Pn(pi)- 

By Lemma 4.3, there exists an object in 3£(X) and an isomorphism (p: j$'\u — > ^#|[/ in £([/) 
such that g -1 • Pi O (0) = p*i (</>)■ Put p2 : = ° Pi- Then p* (p2) = PvXpt)- So there exists a 
morphism p' : — ► such that p'|f/ = p%. Obviously p' is a lift of 7 : — > Thus is a 
semistable log structure on X. 

(2) Let ^#1 and ^#2 be two semistable log structures on X. For i = 1, 2, let pj : — > ^ be 
liftings of 7: — > By Theorem 4.5. there exist etale coverings U —> X and V —> U Xj C/, 
a cocycle g G Z 1 (V/U, and an isomorphism <j>: M-i\u ^ ^i\u sucn that g ■ p* (<j>) = P*i (</>)• 
Let 5 G (£>^) n (C/) such that o p 2 |;7 = <5 • pi\u- Then we have 

g-p*w( s ) ■ piW = g ■ pIo($ ■ pi\u) 
= g ■ p\q{4> P2\u) 
= {g-plo(<t>)) °p2\v 
= Piiify P2W 
= P*iO*) • Pi\v ■ 

Sog = p* u (5) ■ pt (<5)-\ i.e., [g] = 0. Therefore J£ x =i J[ % in 3C(X). □ 

Remark 5.7. Note that the isomorphisms between semistable log structures may not be unique. So 
this kind of structure is not canonical. 

Theorem 5.8. Assume that all a\, 02, . . . ,a n are regular elements in r(S, Os) {i.e., (0 : aj) = Ofor 
all i G [1, n]). Then JSf (/) — Oe, i-e., there exists a semistable log structure on X. 

Proof. Note that 

n 

& = Y[(i + jei-j?i) = 0. 
1=1 

So there exists an object in X(X). Obviouly there exists an etale covering {U\}\ e \ of X such 
that for each AG A, there exists a lifting p A : Njy A — > Jt\u x of j\u x - ^u x ~^ ^\u x such that the 
composite morphism 



is equal to 



K x - Oc/a > e* - «i 



Since ai, 02, . . . , a n are regular elements in /^(S, C5) and /: X — > S is flat, ai, 02, . . . , a n are 
regular elements in r(X, Ox) too. So on each U\^, we have P\\u x ^ = P/Jt/A • Thus {p\} can be 
glued to obtain a global lifting p : Jt of 7 : — >■ □ 

Theorem 5.9. Lef ^ Z?e a semistable log structure on X and p : N n — ► a lifting ofj : N x — > 
Lemma 5.3. p induces a morphism <p : f*^ — > of log structures. Then 

(f,<p): (X,^)^(Y,^r) 

is log smooth and integral. 
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Proof. Let x be a point on X and y := f(x). Let 

(U, V; Tii , ■ ■ ■ , Ti qi ; . . . ;T p i, . . . , T pqp ; ai , 



,ai) 



be a refined local chart of / at x and put m := ^ qi + l — p. Let 5 : U — > V be the induced morphism. 

i=l 

Then 

(s,</?c//vO : (U,^u) (V,^v) 
is log smooth, where J/y and (fu/v are defined in Remark 3.19. By Lemma 5.3. we may 
contract {7/V suitably such that there exists two isomorphism a : ^t\j — > jtf\u and r : ^/ — > =y^|y 
of log structures. Put ^ : = -^t/> ^0 : = -^K> : = Pu/V' V?2 : = tp\u /*( r )- Let 
a := au : NJ? -»■ Jfa, f3 := /V: -> ^ and 7 : -► N m be the notations as in Remark 3.19. 
Now (g, <pi) is log smooth. We shall use the definition of log smoothness to prove that (g, (p 2 ) is also 
log smooth. Let (To, and (T, 3T) be fine log schemes, (To, Z7q) — ► (T, 3F) a thickening of order 
one (Cf. [2, 3.5]), (t ,ip ): (T ,& ) -> (L7,*#f ) and (t,^): (T, <T) -> (V,^d) be morphisms of 
log schemes which makes a commutative diagram: 



(T , 5&) 



(C/,^o) 

(9^2) 



(v,^6) 



For each i = 1,2, let denote the composite morphism 



l 9*{P) 



U 



Then there exists a section it G (0^) n (i7) such that p% = u- p\. The composite morphism 

is equal to ip o ^(p 2 ). Let u G (OJ) ?1 (T) be a lift of 

Then there is a morphism ?// : t*.J/§ — ► of log structures such that 

i>'ot*(0)=v- 1 -(ipot*(f3)). 

So the composite morphism 



I t*09) 



is equal to V'o *oG°i)> which shows that 

(T , 5b) 



(io^o) 



(C/,^o) 

•(v,^6) 



is commutative. As (g,ipi) is log smooth, by replace T with an etale covering, we may assume that 
there is a morphism 

(/*,&): (T,^)^([/,^o) 
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of log schemes which makes the following diagram 



(T, ST) 




commutative. By the following Lemma 5.10. there exists a section w G (0^) m (T) which makes a 
commutative diagram: 

, v-h'(u)- 1 ^ 

N l T — -+Q* T 

7T 

wp 

Let £2 : h*^o — > be the morphism of log structures satisfying that £2 h* (a) = w ■ (£1 • h* (a)) . 
Then we have a commutative diagram: 



(To, ■%) 



(T, 



(*o,-0o) 




(t,V0 



□ 



Thus (5, ^2) is log smooth. 

Lemma 5.10. Let A be a ring, I an ideal of A such that I 2 = (0), u G 1 + I, ei,e%, . . . ,e n be 
positive integers which are invertible in A. Then there exists elements v \ , V2 , • • • , v n G 1 + 1 such 

n 

that u = \\ v\ l . 

i=l 

The following theorem is obvious. 

Theorem 5.11. Let S' be a locally noetherian scheme and S' — > S a flat morphism. Put X' := 
X x s S' and let f: X' — > S' be the projection. Then 

(1) /' satisfies all these conditions of f mentioned at the beginning of this section. 

(2) For each i G [1, n], let hi be the image of a- L in r(S' , 0$')- Assume that 6j is invertible for 
i G [m + 1, n] and hi is not invertible for [1, m]. 77ze?2 



/ m \ 

£(/') = (II A) x s 5'. 
\=i 7 



(3) SC(f') is isomorphic to the inverse image of jSf under the canonical morphism E(f') — ► 
£(/)■ 

6. Global Cases 

Let X and S 1 be locally noetherian schemes, / : X — ► S 1 a surjective proper weakly normal crossing 
moiphism without powers such that / satisfies the condition (f ) in §33. and every fiber of / is 
geometrically connected. By Lemma 3. 14 (4). / also satisfies the condition (J) in §3.3. 

Let 8?, J3, 9, ■§ and d be the notations defined in Remark 3.20. 

For every point y G S, we write 

Ey-.= E(Xx s Spec O s ,y/ Spec O s ,y) , 
S£y := J2f(X x s Spec O s ,y/ Spec O s ,y) ■ 



30 

Lemma 6.1. Let y £ S. If ' Jz% is trivial, then there exists an element Vq G No(y) such that for all 
elements V ^ Vq in No(y), Jz? (Xy/V) is trivial. 

Proof See [7, (8.5.2.5)]. □ 

Corollary 6.2. Let y G S. If ' ££y is trivial, then there exists an open neighborhood V of y such that 
for all z G V, Jzfj is trivial. 

Lemma 6.3. Let f : X — > Y be a proper and flat morphism of locally noetherian schemes such that 
every fiber of f is geometrically reduced and geometrically connected. Then the canonical morphism 
Oy — > f*Ox is isomorphic. 

Proof. See [6, (7.8.7) and (7.8.8)]. □ 

Lemma 6.4. Let R be a noetherian local ring with maximal ideal m, a £ m, a = (0 : a), n ^ 2 an 

integer, 

A = R[[Tx,T 2 ,...,T n }} 
a ring of power series over R, I the ideal of A generated by 

rr~\ r7~J f~f~i rri rr~i rj~i rri 

J-2 ' ' ' J-ni • • • ) J-X " " " J-i " " " J-ni ■ ■ ■ j-tl ' ' ' J-n-1 

and 

J:= {T x T 2 ---T n -a) + a-I . 

Then J n R = (0). 

Proof. Let b £ J Pi R and put 

n 

b = {T X T 2 ■ ■ ■ T n - a) ■ F + T i ■ ■ ■ % ■ ■ ■ T n ■ F { , 

i=l 

where Fj G A for all i G [0, n] and for every i G [l,n], all coefficients of F, are contained in o. For 
each i G [1, n], put Fj = Gj + Tj • iVj, where all monomials in Gj do not contain Tj and all coefficients 
of Gj and iVj are contained in a. Then we have 

T x ■ ■ ■ fi ■ ■ ■ T n ■ Ft = Ti ■ • • fi ■ ■ ■ T n ■ d + (TaT 2 • • • T n - a) ■ N t . 

n 

Put G := F + £ Ni. Then 

i=l 

n 

6 = (TiT 2 • • -T n - a) • G + • • .f< ■ • -T n ■ G t . (6.1) 

i=l 

For each g£N, let c g denote the coefficient of {T\T 2 • • • T n ) q in Go- By comparing the coefficient of 
{T\T 2 ■ ■ ■ T n ) q in (6.1) . we have b = —aco and c q -\ = ac q for all q ^ 1. Thus 

oo oo 

b G Pi (a 9 ) C p| m" = (0) . □ 

q=l g=l 

Lemma 6.5. For all points y G S and V G N (y), we have (fv)* {Xy /V)) = 1. 

Proof. Let D\ , D 2 , . . . , D n be the connected components of Dy , a\ , a 2 , . . . , a n G Os(V) the corresponding 
sections. For each i G [1, n], let and be ideal sheaves on V and Xy respectively defined in §5^ 

n 

and put Ji:=Xi- Ji. Then = jj C 1 + «/»)• So we nave onl y to P rove {fv)*/i = (0). 

i=l 

Let be an open subset of V and 6 G F(Xvk,^)- By Lemma 6.3. we have b G r(W,Os)- 
Suppose that W b ^ 0. As b\w b = b\f~ 1 (w b ) is invertible, c /i|/-i(w i) ) = (1). so = (1) and 

■A\f-i(W b ) = (!)• As ^ = (0 : a)~, a» = 0. Hence (A)w 6 / > i- e -> ^Iz-^W^) C 1 )' a 
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contradiction. Hence Wf, = 0. Thus for any w G W, bw is contained in the maximal ideal of Os,w- 
By Lemma 6.4, b^ = 0. So b = 0. □ 

Definition 6.6. A semistable log structure for / is of the form (^#, J{ , a, r, </?), where M and =yf are 
fine saturated log structures on X and S respectively, tp : j*JV — ► is a morphism of log structures 
on X, a : — > ^ and t : =yf — ► are morphisms of sheaves of monoids, such that cr and r induce 
isomorphisms a : ^ — > ^ and r : JV ^ £2, and the following three diagrams are commutative: 



O 



x 



Os/0* s 



Ox/O 



x 



r 1 ^ 



The following two theorems are the main results of this papers. 
Theorem 6.7. 

(1) There exists a semistable log structure for f if and only if for every point y G S, ££y is trivial 
on Ey. 

(2) Let , J¥\ , o~i , n , (pi ) and (^#2> ^2> o"2> T 2, 4>2) be two semistable log structures for f. 
Then there exists isomorphism tp : — ► ^#2 and ip : — > JVi of log structures such that 
tp o (pi = (p2 o f*ifj, o~<i o ip = o~\ and t 2 o ip = t\. Furthermore, such pair (tp, tp) is unique. 

Proof. (2) Let y be a point on S, V G iVo(y), and let 

ai,a 2 ,...,o n G r(V, O5) 

be sections satisfying the condition (2) in Notation 3.12. Clearly JYy = N™. By Lemma 5.1, we may 
contract V suitably to make both J/\ and isomorphic to the log structure associated to 

A) : N y -» Oy , £j i-» oi , 

where {ei,£2, . . . , e n } is a basis of N n . In other words, we have an isomorphisms ipo : jV\\y — > 
JVi\y of log structures, and charts /?, : N n — ► =y^|y such that ipo o (3 1 = (3 2 , T2W ^0 = r i|y» an d 
the diagram 



^1 



V 



ft 

ft 



is commutative. Since the composite morphisms 



are liftings of 



N Xy - ^ , 



we see that (jKi\x V i &i\x v ) w& semistable log structures on Xy. So, by Theorem 5.6 (2). there exists 
an isomorphism cpy : jM\\x v •^■2\x v such that tpy o a\\x v = c^l-xy- Obviously there exists a 
section 

V=(v 1 ,V 2 ,...,V n )€(0* x ) n (Xy) 

such that 
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Taking composite of both sides of above equality with the morphism ^2\x v — ► Ox v , we have 
Vidi = a.i for each i G [1, n]. Applying Lemma 6.3 to the morphism Xy — > V, we have V{ G OJ(V). 
By Lemma 5.3. there is an isomorphism ipy '■ ^i\v ^2\v of log structures such that ipy o f3\ = 
v ■ j3 2 . Thus cp v o {(f>x\ Xv ) = (fa\x v ) ° fvii>v)- 

Suppose that there exists another pair of isomorphisms (p' : ^\\x v — * -^2\x v and ip' : Jf\\y 
jV 2 \v of log structures such that ip' o (<p\\x v ) = (h\x v ) ° fvW)' (^Ixy) ° V 7 ' = <ri\x v and 
T 2 \y V'' = By Lemma 5.4, 

By Lemma 6JL ° f\x v = id, i.e., </?y = ip'. Thus (0 2 |x v ) ° fyi^Pv) = OHxv) ° /y-(Y>')- 11 is 
easy to show that <p 2 is injective. So fy(ipv) = fyi^')- Since /y is faithfully flat, we get ipy = ip' . 

Now we can glue these (<pv, ipy) to a pair of isomorphism of log structures (jp, ip). 

(1) is by (2) and Theorem 5.6. □ 

Theorem 6.8. Let (y#, Jf , a, r, 0) be a semistable log structure for f. Then 

(X,^)^(Y,^K) 

is log smooth and integral. 

Proof. The conclusion is a consequence of Theorem 5.9. □ 

7. Properties under Base Change 

Definition 7.1. Let / : X — ► 5 be a morphism of locally noetherian schemes. 

(1) We say that / satisfies (Ni) if it is surjective, proper, weakly normal crossing without powers, 
and all fibers of / are geometrically connected. 

(2) We say that / satisfies (N2) if it satisfies (Ni) and the condition (f) in §3.3. 

(3) We say that / satisfies (N3) if it satisfies (N 2 ) and for every point y G S, the invertible sheaf 
££y on Ey defined in §6. is trivial. 

7.1. Properties under fibred products. Let S, X and Y be locally noetherian schemes, / : X — > S 
and g: Y — > S two morphisms. For an S-scheme Z which satisfies (N2) and a point s on S, we use 
Es(Z/S) and Jt? s (Z/S) to denote the notations E s and «Sf g defined in §6. for preciseness, and write 

Z(s) := Zx s Spec O s - s . 

Theorem 7.2. Assume that f and g satisfies (Ni). Then X x$Y — > S satisfies (Ni). Furthermore 
we have 

D((Xx s Y)/S) = [D(X/S) x s Y)U{Xx s D{Y/S)) . 

Theorem 7.3. Asswme rta? / and g satisfies (N2). 77ie?2 1 xgY" -> S satisfies (N2). Furthermore 
ifsGS, then 

E S (X x s Y) = (Es(X) x s Y(s)) \J {X(s) x s E- S (Y)) , 
S£- S {X x s Y) = 1& S (X) ®s O y( - s) ) II {O xi s) 0s &s(Y)) . 
Theorem 7.4. If f and g satisfies (N3), 50 does X x$Y —>■ S. 

7.2. Properties under base extension. Let 

v 




1 

be a Cartesian square of locally noetherian schemes. 
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Theorem 7.5. If f satisfies (Ni ), so does f. 



Lemma 7.6. Assume that f satisfies (Ni). Let y' be a point on S', y := q(y'). Fix a n(y) -embedding 
of n{y) s into n{y') s . By [7, (18.8.8) (2)], it induces a local homomorphism u: Os,y — ► Os',y' which 
makes a commutative diagram 



Os,y -*L S , 



Osa 



<,y — ^ b >v 

Let v : Spec Os',y> — * Spec Os,y be the morphism induced by u. Then 
(1) The diagram 



Spec S ',y 



S' 



Spec O s ., 



S 



is commutative. 
(2) The square 



SpecO^/^/ — — ^ SpecOs ig 

is Cartesian. 

(3) T/'Xx^Spec — > Spec C^g satisfies the condition (*) in §3.2. so <ioes X'x5/Spec O^',^ 
Spec Os',yi. 

We assume that X x 5 Spec O^g — ► Spec satisfies the condition (*) m §3.2. 

(4) w induces a canonical bijection 

^:CP(y)^CP(y'), C ^ (id x ^(C) . 

(5) We have a commutative diagram 

CP(y) )£— * CP(y') 

°S,y/0* S y —3-*- S ',y'/0* sl yl 

(6) There is a canonical closed immersion 

Eyi Eg xs P ecO SiS Spec Os',y' . 

(7) Tfg /sy?af af y', f/zerc above morphism is an isomorphism. 

(8) J?^// jj isomorphic the inverse image of J£y under the morphism Eyi — > 

Theorem 7.7. /// satisfies (N 2 ) (res/?. (N 3 )), so does /', 
Theorem 7.8. 
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(1) Assume that f satisfies (N2). Let £}, 0, $ and d be the notations for f defined in Remark 
3.20, and 3?' , J3', 6', $ and d' the corresponding notations for f. Then there are two 
canonical isomorphisms of sheaves of monoids A: p^ 1 ^ — > and /i: q~ l £} — > £2' 
which makes the following three diagrams commutative. 



p- l @> 



0H 
9' 



q 



X J2 



Xi 



Ox>/O x , q- l (O s /0* s ) 



S '/0* S , 



p _1 a 



/'-V 



p-ity Cjfi> 

(2) Assume that f satisfies (N3). Let (./#, JV , a, r, ip) and JV\ a' , r', cp') be the semistable 
log structures for f and f respectively. Then there exists two isomorphisms £: p* — > 
and 7] : q*jY — ► J/' of log structures which make the following three diagrams commutative. 



p*(f*^)=f*(q*^)- 

c 



v f 
P 



JZ' 



p l Jt ■ 



■p 



p 



Moreover the pair (C,v) iJ unique. Simply speaking, the semistable log structure of f may 
be viewed as the inverse image of that of f. 

The following theorem shows that above isomorphisms are functorial. 

Theorem 7.9. Let 



Y P2 , Y Pl - Y 
A 2 *~ Ai >■ Af 



□ 



So 



Si 



□ 





fa 



s 



92 ' 1 qi 

be a commutative diagram of locally noetherian schemes with both squares Cartesian. Put po := 
pi o p 2 and q ■- qi o q 2 . 

(1) Assume that f satisfies (N2). For each i = 1,2, 3, let £?i, Qi, "&i and di be the notations 
for fi defined in Remark 3.20. Let 

Xnp^&a^ A 2 : p^^i ^^2, Xo-.p^&o^ &> 2; 

pi : q^ 1 ^ ^ =Sl , M2 : <h X &\ =^2 , Mo : Qb^o —> &2 , 
be the isomorphisms defined in Theorem 7.8 (1). Then 

A2 op 2 ~ 1 (Ai) = Ao and p 2 <?2~ (Ml) = Mo • 
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(2) Assume that f satisfies (N3). For each i 
log structure for /j. Let 



1, 2, 3, let (^i,,yVi, ai,n, ipf) be the semistable 



Ci : Pi^b — ► .^1 , C2 : P 2 .<#i — * -^2 , 

771 : gj^f6 ^ ^ , % : 9 2 ~4l ^ ^2 , 

»e f/je isomorphisms defined in Theorem 7.8 (2). Then 

C2 ° P 2 (Ci) = Co and f] 2 o g|(77ij 



Co : Po^o 
Vo ■ Qo^o - 

- Vo- 



► J^2 , 
^2, 



Theorem 7.10. Let So, Si and Xq be locally noetherian schemes, /q: Xq — > So a«<i Si — ► So 



be two morphisms. Put S2 '■■ 

Xi := Xq x s Si and : X{ 
noetherian. 



Si Xs S± and S3 := Si x$ Si x$ Si. For each i = 1,2,3, let 
-> Si the second projections. Assume that both S2 and S3 are locally 



X3 



S3 



X 2 

:S 2 : 



Xi 

1 

■■Si' 



x 

fo 

■So 



(1) Assume that fi satisfies (N2). TTzen / 2 arcc? /3 a/so satisfy (N 2 ). For eac/z i = 1,2,3, fef 
9i, "&i and di be the notations for fi defined in Remark 3.20. For each i = 1,2, let 
Xi : pr^" 1 ^! — ► S&2 and fii : pi~ 1 J2i — ► J2 2 be the isomorphisms corresponding to the i-th 
projections defined in Theorem 7.9 (1). Put 



A := A2 1 o Ai : Wi 1 ^! -> prj 1 ^ 
:= /j,^ 1 o m : prj -1 ^! — > pr^ . 



Then 



W23 ( A ) P 1 ^ 1 ( A ) = P 1 ^ 1 ( A ) P 1 ^ 1 (m) P 1 ^ 1 (m) = P 1 ^ 1 (m) • 

(2) Assume /1 satisfies (N3). TTjerc / 2 arcc? /3 a/so satisfy (N3). For eac/z i = 1,2,3, /ef 
o~i,Ti,(pi) be the semistable log structure for fi. For each i = 1,2, let Q: pr|^#i — ► 
^#2 f/i : P r ?-^i - * ^2 ^Ae isomorphisms corresponding to the i-th projections defined 
in Theorem 7.9 (2). Put 



C := C2" 1 Ci : Pr^i 



-l 



:= n 2 " o ^ : pr^ 



pr 2 ^i , 
pr*^ . 



Then 



P r 23(0 °prl 2 (C) = pr* 3 (C) 



and pr 23 (77) o pr^ 2 (??) = prf 3 (r/) ■ 

£^3 be the isomorphism corresponding to the i-th 
projection. For each 1 ^ i < j ; ^ 3, let \"j : pr^- ^ 2 ^ 3^3 be the isomorphism corresponding to 
pr i7 - : X3 — ► X 2 . By Theorem 7.9. we have 



Proo/ For each i = 1,2,3, let A ■ : pr" 1 ^ 



Thus 



A" oprr 1 (Ai) = A^ 



and 



A^,opr ii 1 (A 2 ) = A^ 



prri(A) = prr.^A^ 1 ) o pr^(Ai) = (A^ 1 o A^ . 
The other three equations are similar. 



□ 
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7.3. Properties under inverse limit. 

Theorem 7.11. Let S$ be a noetherian scheme, (S\, s^a)a.^ga an inverse system ofnoetherian affine 
S^-schemes such that all are affine morphisms. Let (S, s\) be its inverse limit. Assume that S is 
also noetherian. 

(1) Let /o : Xq — > So be a morphism of finite type. Put X := Xq Xs S and f := (fo)s- X — > S. 
For each A 6 A, put X\ := Xq x$ 5a and fx := (fo)s x '■ — > Sa- T^en / satisfies (Ni) 
(res/?. (N2) or (N3)) if and only if there exists an index Ao G A swc/j that for any A ^ Ao, /a 
satisfies (Ni) (rejp. (N 2 ) or (N 3 )). 

(2) Lef f : X ^ S be a morphism which satisfies (Ni) (res/?. (N2) or (N3)). 77ze« ?/2ere ex/sfs 
an /nciex Ao £ A ant/ a morphism f\ : X\ — > S\ which satisfies (Ni) (res/?. (N2) or (N3)) 
smc/i f/ia? X jj S-isomorphic to X\ x 5 Aq S*. 

Proof. See [7, §8]. Note that every local chart (resp. refined local chart) of / can be descended to 
some index Ao € A and X can be covered by a finite number of local chart (resp. refined local chart) 
off. ' □ 

Corollary 7.12. Let f : X — > S be a morphism of finite type of locally noetherian schemes. Then f 
satisfies (Ni) (resp. (N2) or (N3)) if and only if for every point y G S, X x 5 Spec — ► Spec Og^ 
satisfies (Ni) (rasp. (N 2 ) or (N 3 )). 

7.4. Properties under flat descent. 

Lemma 7.13. Let X' ^ X be a faithfully flat morphism locally of finite presentation of schemes, 
U — > X an etale morphism of schemes, a fine saturated log structure on X. Put X" := X' Xjl', 
and let arcc? be the pull-back of \M on X' and X" respectively. Then 

Jt(U) ^'([/ x x X') r ^"([/ x x X") 

is exac?. 

Proo/ [15, Lemma 1.1.3]. □ 

Lemma 7.14. Let p: X' ^ X be a faithfully flat morphism locally of finite presentation of schemes. 
Put X" := X' Xx X' and X'" := X' Xx X' Xx X'. Let j$ be a fine saturated log structure on X' 
and 4> : prj^# — ► pr^^# an isomorphism of log structures on X" such that on X'" we have 

P r i3(» = P r 23(<£) o pr* a (0) • 
r/ten ?/jere exisfa a unique (up to isomorphism) pair (JV , s) on X, where JV is a fine saturated log 
structure on X and s : p* jV —> is an isomorphism of log structures on X', such that the following 
diagram 

is commutative. 

Proof. T15. Theorem 1.1.51. □ 

Lemma 7.15. Let f : (X, — > (Y, oe a morphism of fine saturated log schemes, the 
cokernel of f*jV — > jM, x a geometric point on X, y := f(x), Q — > JV a chart with Q fine 
saturated. Assume that 

(1) Q — * .jV y is isomorphic; 

(2) JVy — ► is injective; 
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(3) the torsion part oftf§ p is a finite group of order invertible in k(x). 
Then there exists a chart 

_ (P^^\u,Q^^\ v ,Q^P) 
of f at x such that P — > is isomorphic. 

Proof. [14, Theorem 2.13]. □ 

Lemma 7.16. If S is a scheme, x is a point on S, and & is an Os -module, we define ^F(x) := 
&z ® k{x). 

Let = (X, and Y* = (Y, Jf*) he two fine log schemes, f : X^ — > Y' a morphism of log 
schemes, x E X a point, c € the cokernel of the morphism f*jV — ► Then there is a commutative 
diagram 




^x/y(x) %t/yt(aO n t , > k(x) ®tl "if , 

"XT /Y\ ,x 

where 7f(m) = 1 (8> rafor each m £ <^ p , and the bottom row is an exact sequence of linear space 
over k(x). 

The homomorphism p x \ /yf,x i5 sometimes called the Poincare residue mapping at x. 

Proof. See [14, Proposition 2.22]. □ 

Lemma 7.17. Let f : (X, ^) — > (Y, oe a /og smooth morphism of fine saturated log schemes, 
i £ I, y := /(ac), a«<i let 

(p -»■ ^r,Q ->• ^t,q p) 

»e a c/jarf of /. Assume ma? l : Q ^ P is injective, P — ► Q — ► ^ y are isomorphisms. 

Put Z :=Y ><SpecZ[Q] SpecZ[P] and g: X — > Z f/ie induced morphism. Then g is smooth at x. 

Proof. In this proof, for a log scheme (X, Jfc), we use simply X^ to denote it. First we have 

f2 zt/Y t = Y ®z (ps p /QS p ). 

Hence 

k{x) ® (g*f2 z y Y ,) ^ k(x) ® z (PSp/Qsp) . 
Let ^ denote the cokernel of the morphism f*jV — > Then the composite 

(8) (g*f2 Z ] /yt) — >■ (8) /2 xt /yt xt/yt,3: ) (g>z P 
is isomorphic, where p x t /yt,s i s defined in Lemma 7.16. Hence 

(8) (o*J2 z t/yt) -» «(#) &> ^xt/yt 

is injective. Hence g*f2 z i i Y \ — * ^xt /yt has a left inverse in some open neighborhood U of x. So 
: C7 — > Z is smooth. □ 

Theorem 7.18. Lef 




/ 

oe a Cartesian square of locally noetherian schemes such that q is faithfully flat and locally of finite 
type, and f satisfies (N3). Then f satisfies (N3) too. 
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Proof. Let , 3!, 9', and d' be the notations for /' defined in Remark 3.20; and let {JP , JY' , a', t', 
be the semistable log structure of /'. By Theorem 7.10 and Lemma 7.14, there exist fine saturated log 
structures j$ on X and ,JV on S, a morphism of log structures ip : — > two isomorphisms 
of log structures — ► and — > c/K' which makes a commutative diagram. 



f'*Jf' ; jg> 

Let x be a point on X and y := f(x). Let x' G and put y' := f'(x'). Then q(y') = y. We have 

Z^ x ^ 3#V ^ N m and jFy i/F^ ^ N n 
for some m, n G N. Furthermore the homomorphism 

d '■= (fix ■ ^ y — ¥ -^x 

Si 

is defined as d(ej) = ^ r/jj for i G [1, r] and d(ej) = rji for i G [r + 1, n], where {e\, e 2 , • • • , e ra } is 
i=i 

a basis of N n , 

{?7n, . . - , 7?i Sl , . . .,rj r i, . . . ,r] rSr ,rj r+1 , . . . ,r/ n } 

r 

is a basis of N"\ and m = ^ Sj + n — r. By Lemma 7.15. there exists a chart 

i=l 

(N m -» ^%,N n -» ^| y ,N n N m ) 

of / at x such that N m ^ j¥ s and N n ^ ]yFg are isomorphic. Put U' := U x x X' and V' := 
V x 5 S". By Lemma 7J7, 

0* - ^' x S pecZ[N«] SpecZ[N m ] 

is smooth at x'. By [7, (17.7.1)], 

- ^ x SpecZ[N „] SpecZ[N m ] 

is smooth at x. Therefore we may contract U/V suitable to obtain a local chart at x. Furthermore it 
is easy to verify that (^#, JY , <p) is just the semistable log structure of /. □ 

8. Semistable Curves 

Definition 8.1. Let A; be a separably closed field. A semistable curve over k is a connected proper 
1-equidimensional A;-scheme X such that for any closed point x G X, either X is smooth at x over 
k, or O x ,x is /c-isomorphic to fc[[Ti, T 2 ])/(T 1 T 2 ). 

Lemma 8.2. Let k be a separably closed field and X a semistable curve over k. Then 

(1) X is reduced. 

(2) X has only a finite number of singular points and all singular points are k-rational. 

Definition 8.3. Let S be a scheme. A semistable curve over S is an S-scheme / : X — > S such that 
/ is proper, faithfully flat, of finite presentation, and every geometric fiber is a semistable curve in the 
sense of Definition 8.1. 

Remark 8.4. The notation of semistable curve here is slightly weaker than the notation of stable 
curve in [2]. 

Lemma 8.5. Let S be a locally noetherian scheme, f : X — > S a morphism which satisfies (Ni ) in 
Definition 7.1 and is of relative dimension 1. Then f also satisfies (N3) in Definition 7.1. 
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Proof. By Corollary 7.12. we may assume that S is the spectrum of a strictly Henselian ring R. Let m 
be the maximal ideal of R and y\ the closed point of S. If / is smooth, the question is trivial. Assume 
that / is not smooth. Then D(f) ^ 0. Let D\, D2, ■ ■ ■ , D n be the connected components of D(f). 
For each i G [1, n], select an element a, 6 m such that = (D{). Then L>j = Spec R/ (eij). Let 
Zj be the closed point of D{ and let Zj : Di —>■ X be the inclusion. Then there exists a refined local 
chart at k(zi) of the form 

(Ui, S;Ta,Ti2] 0,1,02, . . . , a n ) 
satisfying that U x x Dj = for all j G [1, n] — {i}. Let be the log structure on U associate to 
a[: N"+ x Cfy, where if 

ViliV&iVl, ... ,fji,... ,T) n 

is a basis of N n+1 , then a'^rnj) = Tij for j = 1,2, and a^r^) = for G [l,n] — {«}. Let 
aj : N^ +1 — > be the induced morphism. Let e\, £2, ■ ■ ■ , £ n be a basis of N n . We define three 
homomorphisms of monoids 

d i ,di 1 ,di 2 :N n ^N n+1 

as follows: for k G [1, n] — {i}, 

di(e k ) = du(e k ) = d i2 {£k) = Vk , 

and 

di(ei) = m + Vi2 , dafa) = Tin , 3 i2 (ei) = m . 

Then 

Pi := aiodi-. Nfj. -> ^ 
is a lifting of 7]^: Nfy. —> &\xji, where Let 7: —>■ 2? be the notation defined in §5. Put 
Uo := X — D(f) and ^#0 the log structure on Uq induced by 

Let po : Nj) Q — ► ^#0 be the induced morphism. Then po is a lifting of 7|[/ : Nj} Q — > £P\u - 

For any i G [1, n] and any point x on C/o Xx Ui, there exists an etale neighborhood W of x such 
that Tji|w or T^w is invertible. Without lose of generality, we may assume that 2*2 |w * s invertible. 
Then Tn\ w = (T^w)" 1 ■ «i and 

«i|vK dn : N™ — > 

is a chart of ^{\w- So there exists an isomorphism 0: — * ^o\w of log structures such that 

</> o ai\ w On = (ui,u 2 , ...,%)■ polw , 

where m = (T^Ivk) 1 and it& = 1 for k G [l,n] — {i}. Thus 0o = yo | w- 

For any pair of integers 1 ^ i < j ^ n and any point x on U Xx Uj, there exists an etale 
neighborhood W of x such that 2a|w or T^lw is invertible, and 2ji|^ or Tj2\w is invertible. 
Without lose of generality, we may assume that Ti2\w and Tj2 \ w are invertible. Then for s = i,j, 
T s i\w = {T S 2\w)~ l ■ a s and 

a s \w d s i : N n — > ^ s \w 
is a chart of ^# s |p^. So there exists an isomorphism 0: ^i\w ~^j\w of log structures such that 

<P° Oi\w c?ii = (ui,u 2 , ...,«„)■ (aj|vK o , 

where n« = {T i2 \w)~ l , Uj = Tj 2 \w, and u k = 1 for G [l,n] — {«, j}. Thus (f>o p { \ w = pj\w- 

Now we translate above analysis into the language in §5. We obtains an etale covering U — ► X, 
an object ^# in X(?7), and a morphism p: Nj) — ► ^# which is a lifting of 7^ : — > &\u, an etale 
covering V ^ U xx U, and an isomorphism cf>: p^ (^#) ^ Pn(-^) of log structures on V, such 
that o p* 10 (p) = p\ x (p). So J£y x is trivial. □ 
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Lemma 8.6. Let R, A be two complete noetherian local rings with maximal ideals m, 97T and residue 
fields k, K respectively, R — ► A aflat local homomorphism, R[[Ti , T 2 ]] a ring of power series over R 
with variables T\ and T 2 . Assume that exists two elements x\\ ,x±2 G Wl such that the homomorphism 
of k-algebras 

fc[[Ti,T2]]/(TiT 2 ) ^ A/mA, T % ^ x u (i = 1,2) 

is an isomorphism. Then there exists an element a G m, two elements x±,X2 G 9Jt swc/i the 
homomorphism of R- algebras 

i2[[Ti,r 2 ]]/(rir 2 - a) A A, Ti ^ Xi (i = 1,2) 

w arc isomorphism. 

Proof. Put ai := and P 1 := k[[T u T 2 ]]/(T 1 T 2 ). For each n G N, put i? n := i?/m n and A n := 
A/m n A. Let Y>i : Pi —> A\ be the isomorphism defined in the lemma. Assume that we have found 
a n G R and x n i,x n 2 G A such that 

Y> n : P n := {R/m n )[[T 1 ,T 2 ]]/{T 1 T 2 - a n ) ^ A n , Tj i-> x m (i = 1, 2) 

is an isomorphism. Then 

z := x n ix n2 -a n e m n A . 

n 

Put z = Y bjZj, where bj G m n and Zj G A. Obviously we have A = R + Wl and 9Jt = 
mi + + x n 2A. So for each j G [1, n], we may write zj as 

Z i = C 3 + ^J U i + ^nl^j + X n 2Wj , 

where Cj G R, dj G m, Uj , Vj , iUj G A. Put 

n 

Sn+1,1 : = X n i - Y bjWj , 
3=1 
n 

Xn+1,2 '■- X n2 ~ Y bjVj , 

i=i 

n 

a n +i ■- a n + Y b j c j ■ 
3=1 

Then we have 

n , n \ / n \ 

x n+lj ix n+lj 2 - a n+ i = Y bjdjUj + ( Y bjVj ) ( Y b j w j ) G rn n+l A . 

j=l Vj=l / Vj=l / 

Put 

P n+1 := {R/xrir+^WTuTiW/W* - Sn+i) 

and let Y> n +i : -fn+i — ► ^n+i be the homomorphism of .R-algebras defined by ip n+ i(Ti) = x n +\,i 
for i = 1,2. Obviously V'n+i is surjective. We shall prove that Vn+i is injective. Assume that 
3 := Ker (f/^n+i ) / 0. If m = m™ +1 , then tp n+ i = ipi is an isomorphism. So we may assume that 
m™ +1 / m. Since the diagram 

"n+l >" Ai+1 



■1 n ^1' 
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is commutative, 3 is contained in (m n /m n+1 ) • P n +i- Since both P n +i and A n+ i are flat over R n +i, 
so is 3. As J is a finitely generated P n+ \ -module, by Q_L Ch. 2, COROLLARY of (4.A)], 3 is 
faithfully flat over Rn+i. And because m/m n+1 ^ 0, 

(m/m n+1 ) • 3 (m/m n+1 ) ® R 3 ^ 

by LLL Ch. 2, (4.A)]. But it contradicts that 

(m/m n+1 ) • 3 C (m/m n+1 ) • (m n /m n+1 ) • P n+1 = . 

Thus V'n+i is an isomorphism. 

Clearly {a n } is a Cauchy sequence in R, and {x n i} and {x n 2} are Cauchy sequences in A. Since 
and A are complete, we may let a := lim a n and xi := lim x n j for i = 1, 2. □ 

Lemma 8.7. Lef R be a ring, A and B two R-algebras, a, I and J be ideals of R, A and B 
respectively such that aA C I and aB C J. Le? C an<i D denote the topological R-algebras A <^r B 
and A <8>^ B equipped with (IC + JC)-adic and (ID + JD)-adic topologies. Then C = D. 

Proof. Note that for all n G N, 

I n C + J n C c (IC + JC) n 

and 

(/c + jc) 2n c rc + j n c . 

Thus 

C limC/(I n C + J n C) ^ lim(,4// n ) ® H/a „ (£/J n ) . 

Similarly we have 

5 lim(A//M) ®^ /a „^ (B/J«S) lim(A//") ® R/a „ (£?/J™) . 

Hence C ^ 5. □ 

Lemma 8.8. Lef S be a scheme of finite type over a field or an excellent dedekind domain, X\ and 
X2 two S-schemes of finite type, x\ G X\ and X2 G X2 two points which map onto the same point 
s on S. Assume that Ox 1 ,x 1 an d Ox 2 ,x 2 are Os, s -i s omorphic. Then there exists an S-scheme U, a 
point u G U, two etale S-morphisms tp\: U — > X\ and (f2 : U — > X2, such that (fi (u) = x% and 
n(xi) —* K,(u)fori = 1,2. 

Proof. See [1, (2.6)]. □ 

Remark 8.9. Note that Z is an excellent dedekind domain. So to use this lemma, we usually apply 
the inverse limit of schemes to descend the base scheme to become of finite type over Z. 

Lemma 8.10. Let Abe a strictly Henselian noetherian local ring, S := Spec A, s the closed point of 
S, f : X — > S a faithfully flat, proper morphism such that X s is a semistable curve over k(s). Then 
X is a semistable curve over S and satisfies (N3) in Definition 7.1. 

Proof. Let m be the maximal ideal of A and k := A/m the residue field. If X s is smooth over k, 
then X is smooth over S and the lemma is valid. So we may assume that X s is not smooth over k. 
Let x\, X2, ■ ■ ■ , x n be all singular points of X s . By Lemma 8.2. all x% are fe-rational. So Xi defines a 
closed immersion 7, : Spec k — ► X s . As Ox s ,x t — k[[T\, T 2 ]]/ (T1T2), by Lemma 8.8. there exists a 
/c-scheme ^ of finite type, a point yi on VJ, two etale A;-morphisms pi : Vi —> X s and 

9i : 7i-^Specfc[Ti,T 2 ]/(riT 2 ) 

such that Pi(t/i) = Xi and %(yj) = 0, and K(yj) = k(x{) = k. So y, L is a -rational point on Vi, and 
it defines a closed immersion 5j : Spec k — > V^. Let J7 denote the set of points at which X is smooth 
over S. Then U is open in X and 

U s = X s - {x 1 ,x 2 , ...,x n }. 
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By [7, §(8.8), §(8.6), (8.10.5), (11.2.6), (17.7.8)], there exists a finitely generated Z-subalgebra 
R of A, a proper and faithfully flat i?-scheme Y such that X is ^-isomorphic to Y 0^ A, an open 
subscheme U' of Y such that U' is smooth over R and J7 is the inverse image of U' under the 
morphism X —> Y, an ideal a of i? such that aA = m; and for each i G [1, n], an (i?/a)-scheme V? of 
finite type, two closed (R/ o)-immersions 7- : Spec(i?/ a) — > 1" ®/j (i?/ a) and <5 4 ' : Spec(-R/ 0) — ► F/ 
such that 

(V ® R (R/a)) \J Spec( J R/a) U U Spec^/a) 



To 



II 7; LI LI 



(8.1) 



Y ® R (i?/a) 



is surjective where 70 : U' ®r {R/a) — > y (R/a) is the inclusion, two etale (i?/a)-morphisms 
^: ^' ^ y (8^ (i?/a) and 

<rf: Vj' -> Spec(Ji/o)[ri,r 2 ]/(rir 2 ) , 

finally a commutative diagram 



Spec fc 




s P ecfc[ri,T 2 ]/(rir 2 ) 



(8.2) 



y ® fl (fl/a) -7- K ; Spec(i2/o)[Ti, T 2 ]/(T X T 2 ) 

with all vertical squares Cartesian. 

Put p := m n R and k' := n(p). Then a C p. Put A := (R p ) h , S ■- Spec A , S := Spec A), 
Xq := Y xspecR So, X := Y xs pec i? S. Let s' be the point on Speci? defined by p. Then s' is the 
image of s under 5 — > Spec i?. Let so and s be the closed points of So and S respectively. As 

k(s) = k(so) = k(s') = k , 

we may regard that 



X s 



(x ) 



so 



Y sl 



For each i G [1, n], 7,- induces a fc'-rational point x- on y s / which is the image of Xj under X — » y. 
By the bottom part of Diagram (8.2) , we have 

O^^^fc'nT!,^]]/^). (8.3) 

By the surjective morphism (8.1) , we know that x^, x' 2 , . . . , x' n are all singular points of y,/ over fc'. 
By Lemma 8.6 and Lemma 8.7, 



O 



Y,x'. 



O 



O 



X ,x' 



(8.4) 



for some ai G p^lo- Let i?' be the i?-subalgebra of Aq generated by a%, a 2 , . . . , a n . Put q := pAo n i?', 
T := Spec &,Y'z=Yx s P cc a T. Let t G T be the point defined by q. Then n(t) = k' and Y( = Y s > . 
By (8.4) and Lemma 8.7. we have 



O^y^Or^Tu^y^n-ai) 
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By Lemma 8.8. there exists a T-scheme W[ of finite type, two etale T-morphisms p'[ : W[ — > Y 7 and 

: W/ -» Spec^'tr^Tal/^Ta - Oj) , 

a point on such that (2$) = a^, q" (z'A is the point defined by the prime ideal generated by 
q U {T U T 2 }, and k(z'A = k' . Put W- ■= W( x T S, 

Pi := p" x id^: Wi^X u 

q_i := q'( x id^: W t -► Spec Ai[T x , T 2 ]/(TiT 2 - a,) . 

As 2^ G and s £ S both map onto t G T, there is a point Zj G Wj which maps onto both ^ and s. 
Then pi(zi) = x' { and Qi(zj) is the point defined by the prime ideal generated by p U {T\, T 2 }. Thus 
Wi may be contracted to a local chart of x\. Therefore X — > 5 satisfies (Ni). By Lemma 8.5 1 —y S 
satisfies (N3). Let Di denote the connected component of 

s P ecO^/(te) # (r 1 ),te)#(r 2 )) 

containing z\. Then Di is etale over Spec^4o/(oi)- Since n(zi) = k' and Ao/(a,i) is complete, a 
fortiori Henselian, by Lemma 3.4 l), = Spec Ao/(a,i). Thus Z?j — ► S is a closed immersion. Since 
X — > 5 is separated, the composite morphism 

Di^Wi^ X 

is a closed immersion. So we may regard Z?j as a closed subscheme of X. Since x[,x 2 , . . . , x' n are 
all singular points of Xg over fc', we have 

n 

D(X/S)=Y[D i . 

i=l 

Note that as subsets of X, Di D Dj = for all 1 ^ i < j ^ n. Thus D(X/S) is also a closed 
subscheme of X. 

In the following we shall descend ai to elements in Aq. Put 

A x ■- {Rp) sh , A 2 := Ax ® Ao Ax , A 3 := Ax ® Ao A 1 ® Ao Ax . 

For each i G [1, 3], put Si := Specj4j and Xi := Y Xspeci? Si. Obviously we may regard Aq as a 
subring of Ax- So there is a canonical morphism Si — > S. Thus Xx — ► Si satisfies (N3). For each 
i G [1, n], put Di := Di x § Sx- Then Dx,D 2 , . . . , -D n are all connected components of D(Xx/Sx). 
Note that S 2 and S3 might not be noetherian. We shall use the trick of inverse limits of schemes to 
avoid this difficult. By Theorem 7.11 and [7, §(8.6)], there exists a finitely generated A -subalgebra 
A' of Ax which contains a\, a 2 , . . . , a n such that if let S' '■— Spec A' and X := Xq Xg S', then 
X — > S' satisfies (N3); and closed subschemes D[, D' 2 , ■ ■ ■ , D' n of X such that D\ x 5/ Sx = Di for 

n 

all i G [l,n] and D(X'/S') = ]J D[. Put 

i=i 

,4" := A' ® Ao A' S" := Spec A" X" := X x 5o S" 

A'" := A' ® a A' ® Ao A' S'" := Spec A'" X'" := X x So S w . 
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Let g x : X x - X', 52 : X 2 - X", 53 : X 3 - X'", hi : Si - 5', fc 2 : & - 5", /* : S 3 - S"' be 
the canonical morphisms. Then we have a commutative diagram with all squares Cartesian. 



X 1 



X'' 



X' 



x n 



7 1 



x 3 



■ X 2 



x x 



Xn 



S" 



S" 



S' 



So 



h 3 



So 



Si 



So 



Let s\ be the closed point of Si and put s' := hi(si) G 5'. By Theorem 3.3. we have 

pr^X'/S') = pr^X'/S') = D(X"/S") . 
Pulling back to X 2 , we have 

V i\D{Xi/Si) = V v* 2 D{Xi/S x ) . 

By [X VIII, 1.9], there exists a closed subscheme C of Xo such that D{X\/S\) = C Xx X\. Let 
Ci, C 2 , . . . , C n / be all connected components of Xq. By Lemma 3.5. n' = n, and by rearranging the 
order of Ci, C 2 , . . . , C n >, we may assume that Ci Xx X\ = Dj for all % G [1, n]. By [7, §(8.6)] 
and by replacing B with a suitably large finitely generated Ao-subalgebra of A\, we may assume that 
Ci Xx X' = D[ for all i G [1, n]. Then these data X' — ► S', D' l: D' 2 , . . . , D' n , oi, o 2 , . . . , a n satisfy 
conditions in the begin of §5. Let , £2' , 9', #' and be the notations for /' defined in Remark 
3.20; and let {J(\ jV' , a', r', (p') be a semistable log structure of /'. Let p' : Ng, -> O5' be the 
homomorphism of monoids defined by //(£«) = a^, where ex, e 2 , . . . , e n is a basis of N n . Then there 
is a commutative diagram 




o s ,/o* s , 

where 7: N» — > i2 is the canonical morphism. As 7^ is an isomorphism, by Lemma 5.1 there exists 
an affine etale neighborhood N of s' such that 7^ lifts to a chat N 



N 



Note that Ai is a 



strictly Henselian local ring. By [7, (18.8.1)], Si — ► S" factors through X. So by replacing 5" with 
JV, we obtains that 7 lifts to a chat p : Ng, — ► <yK' and the composite morphism 



is equal to p' . By Theorem 7.10. there is an isomorphism tp: y>t\J^' ^ pr 2 J^' of log structures on 
X" such that pr^y?) o pr* 2 (<p) = pr 13 (<p) on X'". By Lemma 3.21. both prj(p) and prf^p) are 
lifts of the canonical morphism Ng„ — > where =2" is defined in Remark 3.20. So there exists an 
element 

u= (ui,u 2 ,...,u n ) G (OS») n (^') 

such that Lp o pr*(p) = u ■ pr^p) and pr| 3 (uj) o pr* 2 (itj) = pr 13 (uj) in 0* s ,i,{S"') for all i G [1, n]. 
We have Oi<8>l = Ui ■ (l(8)Oi) in .A". Let i?j denote the image of Ui in .AJj. Then aj® 1 = «j • (l0aj) in 
A 2 and defines an isomorphism ^ : Os 2 C>s 2 of Os 2 -modules such that pr 23 (^i) pr^^i) = 
pr 13 (^i) on 53. By flat descent of quasi-coherent sheaf, there exists an invertible Og-module Jzfj and 
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an isomorphism <f>i : q*Sf{ 



Os± of Os 1 -modules such that 



pr*g*i? ■ 



P T*q*JZ> ■ 



pr|(<^i) 



Os 2 
Os 2 



is commutative, where q : Si — > So is the canonical morphism. Since Ao is a noetherian local ring, 



Os - So 0j defines an element Wi G A J such that 



(8) tDj. Put 6j := lOjaj. Then 



bi <g> 1 = 1 <8> &i in A2. By [13, 1, 2.18], 6, £ Ao. Since Ai is flat over Aq, by Lemma 3.1, 6, 
for some ^ £ Aq. Now replacing Ti with (k;0 Ti in (8.4) . we obtain 

dx^^Mi^TziyiTxTz-bi). 



(8.5) 



As Aq = (Rp) , there exists a finitely generated etale i?-algebra B, a prime ideal q of B, elements 
c\, Oii ■ ■ ■ 1 Cn ^ 1> an d an isomorphism v : (B q ) —> Aq of i?-algebras such that v{ci) = bi for all 
i E [1, n]. Put L := Sped? and Z := 1" xspcc rL. Let I £ Lbe the point defined by q. As k(1) = k', 
we may regard that Zi = (Xq) So . By (8.5) and Lemma 8.7. we have 

^z,x[ — Oz^i[[Tx,T2]]/ (T1T2 — Ci) . 

As B is finitely generated over Z, by Lemma 8.8 there exists a local chart of Z — > L at a^. By base 
extension So — > L, we obtains a local chart of Xo — > So at So Xo — > So satisfies (Ni). By 
Lemma 8.5 Xn — ► So also satisfies (N3). By base extension S — ► So, we know that X — > S 
satisfies (N3) and is a semistable curve over S. □ 



From above lemma and Corollary 7.12. we obtains that 

Theorem 8.11. Any semistable curve over a locally noetherian scheme satisfies (N3) 
canonical semistable log structure. 



thus has a 



Theorem 8.12. Let S be a noetherian scheme and f : X —* S be a proper and faithfully flat 
morphism. Then X is a semistable curve over S if and only if for every closed point y 6 S, 
X Xg Spec k(u) s — » Spec k(u) s is a semistable curve. 

Theorem 8.13. Let 




be a Cartesian square of schemes such that 

(1) f is a semistable curve, 

(2) q is faithfully flat, 

(3) / is proper and of finite presentation. 
Then f is also a semistable curve. 

Proof. Obviously / is also faithfully flat. So by Definition 8.3. we may assume that S = Spec k 
where A; is a separably closed field, and S' is affine. By Theorem 7.11. we may further assume that 
S' is of finite type over S. Then the theorem is by Theorem 7.18. □ 
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